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Energy-efficient Power Allocation for OFDM
Signaling over a Two-way AF Relay
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Abstract—In this paper, the power allocation problem is
solved in the context of maximizing the energy efficiency (EE)
of orthogonal frequency division multiplexing (OFDM) signaling
over a two-way amplify-and-forward (AF) relay network with two
sources and one relay. The EE is defined as the ratio of the system
throughput over the total power consumption incorporating the
transmission power, the fixed circuit power and the dynamic
circuit power which is rate- dependent. In the EE maximization
(EEM) problem, the efficiencies of the power amplifiers (PAs)
of the three terminals can differ from one another. It is shown
that EE is a quasi-concave function of the transmission power.
Based on this result, we use Dinkelbach’s method for fractional
programming and propose a two-step allocation (TSA) algorithm
to solve the inner loop of the Dinkelbach’s method. Simulation
results demonstrate that the proposed scheme can efficiently
maximize the EE.
Index Terms—Energy efficiency, Two-way relay, Orthogonal frequency-division multiplexing (OFDM), Power allocation,
Fractional programming, Dual decomposition.

I. I NTRODUCTION
Two-way relaying (TWR) is an efficient bidirectional
relaying scheme where two users exchange information via
relay node(s). Due to its bidirectional nature, TWR requires
only two time-slots for exchanging the information and can
achieve higher spectral efficiency (SE) and energy efficiency
(EE), as compared with one-way relaying [1], [2], where
EE is defined as the ratio of the system throughput over
the total power consumption (bits/Joule).1 TWR has been
considered as an efficient means of improving the SE/EE
of recent communication systems. Its applications include
cognitive radio [5] and device-to-device communications [6],
[7], as well as conventional cellular systems [8].
Energy-efficient TWR has been designed either by minimizing the power consumption or by maximizing the EE.
In these design problems, the model for power consumption
plays an important role. In general, the power consumption
of a communication system is determined by the sum of the
transmission power, the fixed circuit power and the dynamic
circuit power that varies according to the transmission rate [9],
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[10]. Here the transmission power depends on the efficiencies
of power amplifiers (PAs). The complexity of the optimization
can be reduced by ignoring some power consumption terms
such as the dynamic circuit power and by assuming that the
PA efficiencies of different terminals are identical.
Investigation of the power minimization problem for
TWR with amplify-and-forward (AF) relaying includes the
power allocation scheme in [11], the relay selection and power
allocation for TWR with multiple relays [2], the transmit
beamformer and the receive combiner design for TWR with
multiple antennas [12], and the hybrid of one-way and twoway relaying for energy-efficient transmission [13]. Among
these techniques, [13] takes into account both the transmission
power and the fixed circuit power consumption, while the
others consider only the transmission power. None of them
considers the dynamic power consumption, and all of them
assume identical PA efficiencies of the terminals. The hybrid
relaying in [13] has been extended to orthogonal frequency
division multiplexing (OFDM) signaling [14].
The EE maximization (EEM) problem for the TWR
network has been investigated in [15]-[18]. In [15], an optimal
power allocation scheme for decode-and-forward (DF) TWR
is proposed. For AF TWR networks the research on EEM
includes the analysis of EE-SE tradeoff [16], EE maximizing
power allocation under individual power constraints [17], and
the derivation of the optimal transmission rate minimizing the
total energy consumption per information bit, which is the
inverse of EE [18]. These EEM techniques take into account
both the transmission power and the fixed circuit power, but ignore the dynamic circuit power. [15] and [17] assume identical
PA efficiencies, while [16] and [18] consider the general case
with different PA efficiencies. All these techniques assume
narrowband communications with flat fading channels.
In this paper, we formulate an EEM problem for AF TWR
that considers OFDM signaling for wideband communications
and the power consumption model in its most general form.
The model incorporates the transmission power, the fixed
circuit power and the dynamic circuit power; the terminals
have different PA efficiencies. We have developed a process
for optimally allocating the power to the subcarriers of each
node. For a TWR network consisting of two sources and one
relay, the optimization is performed to maximize the EE under
the power constraints. It is shown that the EE is a strictly
quasi-concave function of the total transmission power. Based
on the quasi-concavity, we adopt the Dinkelbach’s method
for fractional programming [19] and observe that the inner
loop maximization of the Dinkelbach’s method reduces to
a modified version of the SE maximization (SEM) problem

0018-9545 (c) 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI
10.1109/TVT.2014.2371457, IEEE Transactions on Vehicular Technology
2

M

M

T

A

p

h

a

s

T

H

B

C

A

p

h

d

s

s

e

T

H

a

a

3

1

p

h

e

1

e

B

C

p

1

2

2

h



a

s

e

d



Tk .2 We assume that the channels are reciprocal and that all
terminals have the perfect knowledge of both channels H1 and
H2 .
The throughput of the system is given by

Fig. 1. The two-way relay channel where the distance between T1 and T2
is normalized to 1 and the distance between T1 and T3 is d.

RT (p) =

N
X

rn (pn ),

(2)

n=1

where pn = [p1 (n), p2 (n), p3 (n)], p = [p1 , p2 , · · · , pN ], and
P2
considered in [20], [21]. In fact, the inner loop problem
rn (pn ) = W
i=1 log2 (1 +γi (n)), with SNR values
2
can be solved by the dual decomposition method (DDM) in
γ1 (n)
=
p2 (n)p3 (n)|h1 (n)|2 |h2 (n)|2/[p1 (n)|h1 (n)|2 +
[20]; however, the computational load of this method can be
p2 (n)|h2 (n)|2 + p3 (n)|h1 (n)|2 + 1],
γ2 (n)
=
excessive. On the other hand, the two-step allocation (TSA)
p1 (n)p3 (n)|h1 (n)|2 |h2 (n)|2/[p1 (n)|h1 (n)|2 + p2 (n)|h2 (n)|2 +
method in [21] is computationally efficient, but its use is
p3 (n)|h2 (n)|2 + 1]. and W is the per-subcarrier bandwidth.
limited to the case where the efficiencies of the PAs of the
The SE is defined as RT (p)/N W .
three nodes are the same. For general cases with different PA
The total power consumption of the system is given by
efficiencies, we propose the modified TSA by incorporating
3
N
the iterative optimization algorithm in [22] that maximizes
X
X
αk
pk (n) + βRT (p),
(3)
PT (p) = Pc +
the lower bound of the objective function of the inner loop
n=1
k=1
problem. Simulation results demonstrate that the proposed
method, which is based on Dinkelbach’s method and the where the first and third terms in the right-hand-side (RHS)
modified TSA, maximizes the EE.
of (3) denote the fixed and dynamic (rate-dependent) circuit
The organization of the paper is as follows. Section II power consumption of the three terminals with β being a
presents the system model and the EEM problem formulation. constant representing the power consumption per unit data
In Section III, we prove the quasi-concavity of the EE with rate. The second term is the transmission power consumed
respect to (w.r.t.) the total transmission power and develop by the transmitters’ power amplifiers with αk > 1 denoting
the optimization process to solve the EEM problem. The the reciprocal of the efficiency of power amplifiers [9], [10].3
simulation results are presented in Section IV. Finally, Section
The EEM problem, which will be referred to as problem
V presents the conclusion.
(PEE ), is formulated as follows:
maximizep ηEE (p) =

II. S YSTEM M ODEL AND P ROBLEM F ORMULATION
Consider an OFDM two-way relay system in which
terminals T1 and T2 exchange data through terminal T3 , which
acts as an AF relay (Fig. 1). We assume that there is no
direct path between T1 and T2 and that the system works in
half-duplex mode. Let xk , [xk (1), · · · , xk (N )], k ∈ {1, 2},
denote the OFDM symbol to be transmitted by terminal
Tk , where xk ∈ C N , N is the number of subcarriers, and
E[|xk (n)|2 ] = 1. In a time √
slot for the multiple
access (MA)
√
phase, T1 and T2 transmit P1 x1 and P2 x2 , respectively,
to relay T3 where Pk , diag{pk (1), · · · , pk (N )} is an N -byN diagonal matrix that controls the transmission power. The
relay receives
p
p
y3 = H1 P1 x1 + H2 P2 x2 + w3
(1)
where Hk = diag{hk (1), ·, hk (N )} is an N -by-N diagonal
matrix representing the channel between terminal Tk and relay
T3 and w3 ∈ CN (0, IN ) is additive white Gaussian noise at
the relay. The relay amplifies each subcarrier of the received
signal by multiplying
y3 with Γ , diag{γ(1), · · · , γ(N )}
p
where γ(n) = p3 (n)/(p1 (n)|h1 (n)|2 + p2 (n)|h2 (n)|2 + 1)
and p3 (n) is the transmission power of the relay for the
nth subcarrier. Then, in the broadcast (BC) phase the relay
broadcasts the signal to T1 and T2 . The received signals at T1
and T2 after self-interference suppression,
√ which is assumed to
be perfect, are written√as y1 = ΓH1 H2 P2 x2 +ΓH1 w3 +w1 ,
and y2 = ΓH2 H1 P1 x1 + ΓH2 w3 + w2 , where wk ∈
CN (0, IN ) is additive white Gaussian noise at the terminal

subject to

3
X

k=1

αk

N
X

n=1

RT (p)
PT (p)

(4a)

pk (n) ≤ Pmax and pk (n) ≥ 0, ∀ k, n,

(4b)
RT (p)
where ηEE (p) = PT (p) is the EE and Pmax is the maximum
power budget of the system.4 If the objective function in (4)
is replaced with RT (p) and αk = 1 for all k, then the EEM
problem becomes the conventional SEM problem in [20], [21].
III. P ROPOSED E NERGY E FFICIENT P OWER A LLOCATION
M ETHOD
Problem (PEE ) in (4) is a complex fractional problem that
is not convex in p. Fortunately, however, this problem can be
converted into a single variable optimization problem which
is strictly quasiconcave given a sufficiently large number of
√
self-interferences
at T1 and T2 are written as ΓH1 H1 P1 x1 and
√
ΓH2 H2 P2 x2 , respectively. Since terminals T1 and T2 know their own
transmitted symbols they can subtract the self-interferences, assuming perfect
knowledge of the corresponding channels.
3 Devices in radio frequency (RF) chains such as filters, low-noise-amplifiers
and mixers contribute to fixed power consumption, while arithmetic operations
of the baseband processing unit vary depending on the data rate and contribute
to dynamic power consumption (see [23] for a more detailed discussion on
power consumption of wireless terminals).
4 In TWR systems, it is desirable to assign more power to the relay that
transmits the sum of two signals from the sources [21]. By using the joint
maximum transmit power constraint in (4b), we can optimally allocate the
transmission power to the three nodes of the TWR system.
2 The
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subcarriers. In this section, we first derive the single variable
optimization form of problem (PEE ) and show its quasiconcavity. Then the problem is solved by Dinkelbach’s method
for fractional programming [19].
A. Quasicancavity in Ptx
We introduce a sub-problem of problem (PEE ), referred
to as the conditional EE problem (PC−EE ), which is identical
to problem (PEE ) with the exception that the inequality in
(4b) is replaced with the following
equality constraint on
P
P
the total transmission power: 3k=1 αk N
n=1 pk (n) = Ptx , for
Ptx ∈ [0, Pmax ]. Let p∗tx be the optimal solution to problem
∗
(PC−EE ). The EE for p∗tx , denoted by ηEE
(Ptx ), is written as
∗
ηEE
(Ptx ) = ηEE (p∗tx ) =

RT (p∗tx )
Pc + Ptx + βRT (p∗tx )

(5)

where RT (p∗tx ) is the SE for p∗tx satisfying the equality
constraint on the total transmission power. In what follows, we
∗
denote the numerator and the denominator of ηEE
(Ptx ) in (5)
∗
∗
∗
by RT (Ptx ) = RT (ptx ) and PT (Ptx ) = Pc +Ptx +βRT (p∗tx ),
respectively. Using these notations, the primary problem (PEE )
can be rewritten as
R∗ (Ptx )
∗
maximizePtx ηEE
(Ptx ) = T∗
(6a)
PT (Ptx )
s. t.

3
X

k=1

αk

N
X

n=1

pk (n) = Ptx ≤ Pmax and pk (n) ≥ 0, ∀ k, n.

(6b)
This is the single variable optimization form of problem
∗
(PEE ). Next we show the quasi-concavity of ηEE
(Ptx ) in Ptx
∗
by examining the relation between ηEE (Ptx ) and RT∗ (Ptx ).
Lemma 1. The optimal power allocation p∗tx , which is the
solution to problem (PC−EE ), is also the solution to the
following SEM problem, called the conditional SEM problem
(PC−SE ):
maximizep RT (p)

subject to (6b)

(7)

Proof. We denote the solution of this sub-problem by p̄∗tx and
show that p∗tx = p̄∗tx . The EE for p̄∗ is written as ηEE (p̄∗tx ) =
)
RT (p̄∗
∗
tx
Pc +Ptx +βRT (p̄∗
) . Note that ηEE (p̄tx ) is an increasing function
tx
of RT (p̄∗tx ). This fact indicates that p̄∗tx maximizing RT (p̄∗tx )
also maximizes ηEE (ptx ). Therefore, p∗tx = p̄∗tx , and the EEs
in (5) and ηEE (p̄∗tx ) are the same. 
The solution to the conditional SEM problem (PC−SE )
remains the same after replacing
the
P3
PNequality constraint in
(6b) with the inequality,
α
n=1 pk (n) ≤ Ptx , bek=1 k
cause the optimal SE under this inequality constraint is a
monotonically increasing function of Ptx , and when Ptx is
given, the transmission power corresponding the optimal SE
under the inequality constraint is Ptx . Therefore, problem
(PC−SE ) is in fact a conventional SEM problem and its
solution RT∗ (Ptx ) = RT (p∗tx ) has the following property.
Lemma 2. RT∗ (Ptx ) is a strictly concave function of Ptx in
the limit as N → ∞.
This lemma follows from Theorem 2 of [24] and indicates
that the optimal rate RT (p∗tx ) = RT∗ (Ptx ) is asymptotically

concave in the transmit power constraint Ptx even though
RT (p) in (7) is not concave in the power allocation vector p.
Lemma 2 has been used to solve various resource allocation
problems of OFDM systems [9], [25], [26]. In particular, it is
shown in [9], [25] that the concavity of the optimal rate holds
for practical number of subcarriers N. This is verified by our
simulation (see footnote 8 in Section IV). Next we show the
∗
quasiconcavity of ηEE
(Ptx ).
∗
Proposition 1. ηEE
(Ptx ) in (5) is a strictly quasiconcave
function of Ptx in the limit as N → ∞.

Proof. Let Sq be the superlevel set defined as Sq = {Ptx ∈
∗
i
[0, Pmax ]|ηEE
(Ptx ) ≥ q} for q ∈ R+ . Consider Ptx
∈ Sq ,
1
2
3
1
2
i ∈ 1, 2, Ptx 6= Ptx and Ptx = θPtx + (1 − θ)Ptx for 0 <
∗
3
3
3
θ < 1. Now, ηEE
(Ptx
) = (1 − qβ)RT∗ (Ptx
) − qPtx
− qPc
∗
1
2
1
2
= (1 − qβ)RT (θPtx + (1 − θ)Ptx ) − q(θPtx + (1 − θ)Ptx
)−
∗
1
∗
2
q(θPc + (1 − θ)Pc ) > θηEE (Ptx ) + (1 − θ)ηEE (Ptx ) ≥ q,
where the strict inequality holds because of the strict concavity
3
∗
of RT∗ (Ptx ) (Lemma 2). Therefore, Ptx
∈ Sq and ηEE
(Ptx )
is strictly quasiconcave [27], given a sufficiently large number
of subcarriers. 
∗
This proposition indicates that maxptx ηEE
(Ptx ) exists and is
∗
unique [27]. Based on the quasi-concavity of ηEE
(Ptx ), we can
make the following observations regarding the optimization
o
of (6). Let Ptx
be the optimal transmit power maximizing
∗
ηEE (Ptx ) in (6) when Pmax = ∞.

Observation 1. For a finite Pmax , the solution of (6) becomes
∗
o
∗
o
ηEE
(Pmax ) if Pmax ≤ Ptx
, and ηEE
(Ptx
), otherwise.
An important characteristic of the quasi-concavity is that it
allows the optimization problem (6) to incorporate the data
rate constraint, RT∗ (Ptx ) ≥ Rth for Rth being the required
rate. Let Pth denote the transmit power corresponding to Rth .
Observation 2. Suppose that Pmax , Rth and Pth are given
and that Pth ≤ Pmax . A solution of (6) incorporating the rate
∗
constraint then exists and is given by ηEE
(Pmax ) if Pth <
o
∗
o
o
∗
Pmax < Ptx , ηEE (Ptx ) if Pth < Ptx < Pmax , and ηEE
(Pth )
o
if Ptx < Pth < Pmax .
B. Optimization Process
∗
Since ηEE
(Ptx ) is strictly quasiconcave, problem (PEE )
in (6) can be solved by iterative convex optimization methods
such as the bisection method [28] and Dinkelbach’s method
[19], where the former is proposed for general quasiconcave
optimization problems and the latter is specified for fractional
programming.5 In the context of fractional programming,
both the methods are based on the use of the subtractive
form of the objective function which can be derived from
the definition of the super-level sets: the inequality in Sq ,
∗
ηEE
(Ptx ) ≥ q, is identical to RT∗ (Ptx ) − qPT∗ (Ptx ) ≥ 0 and
the left-hand-side (LHS) of this inequality is the subtractive
form. For iterative optimization, the parameter q is replaced
with the ith parameter qi , which is updated at each iteration.
Here i is the iteration index and {qi } are determined to
5 Dinkelbach’s method has been adopted to solve various energy efficiency
optimization problems. For example, see [29]-[31].
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∗
satisfy limi→∞ qi = maxPtx ηEE
(Ptx ). The bi-section method
∗
assumes that the initial interval containing maxPtx ηEE
(Ptx )
is known and reduces the interval by half at each iteration by
examining RT∗ (Ptx ) − qPT∗ (Ptx ) ≥ 0. This scheme sets qi at
the center of the i-th interval and solves a feasibility problem
at each iteration. On the other hand, Dinkelbach’s method does
∗
not need the knowledge on the range of maxPtx ηEE
(Ptx ). This
th
method sets qi to the EE of the (i − 1) iteration (initially,
q0 = 0) and directly maximizes the subtractive objective
function. As a consequence, the method can be computationally more efficient than the bi-section method [29]. Due to
these advantages, we employ Dinkelbach’s method, which is
summarized in Algorithm 1. At the ith iteration (step 3), this
scheme directly solves the following, which is called problem
(Pqi ):

subject to

3
X

k=1

αk

N
X

n=1

pk (n) ≤ Pmax and pk (n) ≥ 0, ∀ k, n.

(9b)
The objective in (9a) is obtained from RT (p) − qi PT (p) by
dropping the constant Pc from (3). Following the procedure for
converting the problem (4) into that of (6), the inner problem
(9) can be rewritten as
maximizeptx (1−βqi )RT∗ (Ptx )−qi Ptx , subject to (9b). (10)

Then, due to Lemma 2, the objective function of (10) is a
strictly concave function of Ptx in the limit as N → ∞. This
in turn indicates that (10) can be optimized by solving its
Lagrange dual problem; the duality gap approaches zero as
N → ∞ [24]-[26]. (There could be convergence problems for
a small value of N, but as mentioned below Lemma 2 the
∗
∗
∗
maximizePtx ∈[0, Pmax ] RT (Ptx )−qi PT (Ptx ), subject to (6b) concavity of RT (Ptx ) holds for practical values of N and the
(8) duality gap is virtually zero for such cases.)
This problem of (9) is a modification of the SEM
This step also requires an iterative optimization and is called
problem
considered in [20], [21]. In what follows, we adopt
the inner loop. The rest of Algorithm 1, referred to as the outer
the
two-step
allocation (TSA) proposed in [21] which is a
∗
∗
∗
loop, iteratively updates qi+1 = RT (pi )/PT (pi ), where pi
computationally-efficient
suboptimal method with little degrais the solution to problem (Pqi ) in (8). It has been shown
dation
in
performance
as
compared with the dual decomposi∗
that qi+1 > qi and that limi→∞ qi = maxPtx ηEE (Ptx ) [19].
6
tion
method
(DDM).
The
TSA consists of two steps called
When i = 1, this algorithm solves the SEM problem since
the
subcarrier
power
allocation
step and the per-subcarrier
∗
q0 = 0, and RT (pi ) corresponds to the maximum transmit
optimization
step,
where
in
the
former
the total transmission
o
power Pmax . Referring to Observation 1, if Pmax ≤ Ptx ,
th
power
for
the
n
subcarrier,
denoted
as
pT (n), is determined
then the algorithm stops here and the optimal EE solving
for
each
n,
and
in
the
latter
p
(n)
is
allocated
to each node by
∗
o
T
(6) is q1 = ηEE (Pmax ). On the other hand, if Pmax > Ptx ,
solving
the
per-subcarrier
version
of
problem
(Pqi ) of (9). In
∗
o
then the iteration continues until qi reaches ηEE (Ptx ). Here
what
follows,
we
first
consider
the
per-subcarrier
optimization
at each iteration, qi is increased by decreasing the transmit
and
then
proceed
to
determining
p
(n).
T
power Ptx . In a similar manner, the algorithm solves the
1) Per-subcarrier optimization for a given pT (n): Using
optimization problem when (6) incorporates the rate constraint
(2)
in
(10), the objective
function of (10) is rewritten as: i
(see Observation 2). Next, we describe the procedure for
PN h
P2
∗
maximize
(1−βq
i)
pT (n)∀n
solving the inner loop problem (Pqi ).
n=1
i=1 log2 (1+γi (n))−qi pT (n) ,
and the per-subcarrier version of problem (Pqi ), called problem
C. Inner loop maximization
(Pqi −ps ), is given by
Since RT∗ (Ptx ) = RT (p∗tx ) represents the solution of
!
3
X
the SEM that maximizes RT (p) over p under (6b), probmaximizepn (1 − βqi )rn (pn ) − qi
αk pk (n)
(11a)
lem (Pqi ) of (8) involves maximization w.r.t. both Ptx and
k=1
p. Specifically,
h the objective of (8) can ibe rewritten as:
3
X
maximizePtx maximizep RT (p) − qi PT (p) . Here the maxsubject to
αk pk (n) = pT (n) and pk (n) ≥ 0, ∀ k,
imization over Ptx can be dropped, because the maximization
k=1
(11b)
can be achieved while maximizing over p. Problem (Pqi ) in
where pT (n) is the total transmit power that is assumed to
(8) is then equivalent to
be allocated to the nth subcarrier of the three terminals. Due
!
3
N
X
X
to the equality constraint in (11b), this per-subcarrier problem
maximizep (1 − βqi )RT (p) − qi
αk
pk (n) , (9a)
can be reduced to
n=1
k=1

maximizepn rn (pn ), subject to (11b).

Algorithm 1 Dinkelbach’s method for solving problem (PEE ).
Input: Iouter (maximum number of outer interations)
ǫouter (convergence tolerance of outer loop)
1: i = 0 , q0 = 0
2: while qi − qi−1 ≥ ǫ and i < Iouter do
3:
Solve (8) to obtain its optimal solution p∗i (inner loop)
4:
qi+1 = RT (p∗i )/PT (p∗i )
5:
i←i+1
6: end while

(12)

When the parameters for power amplifier efficiency, {αk },
are identical to each other, closed-form solutions to problem
(Pqi −ps ) of (11) can be found following the approach in [21].
They are given by
∗
p1 (n) =

p′T (n)(1 + |h2 (n)|2 p′T (n))

q
,
2 1 + |h2 (n)|2 p′ (n) + (1 + |h1 (n)|2 p′ (n))(1 + |h2 (n)|2 p′ (n))
T
T
T
(13a)

6 The DDM solves the Lagrange dual problem and yields the globally
optimal solution of the inner problem in the limit as N → ∞ [20]. Use
of the TSA for the inner problem can be justified because its performance is
almost identical to that of the DDM [21].
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p∗
2 (n) =

q
p′T (n) (1 + |h1 (n)|2 p′ (n))(1 + |h2 (n)|2 p′ (n))
T
T
q
,
2 1 + |h2 (n)|2 p′ (n) + (1 + |h1 (n)|2 p′ (n))(1 + |h2 (n)|2 p′ (n))
T
T
T
(13b)


and p∗3 (n) = p′T (n)/2, where p′T (n) = pT (n)/α. For
p∗n = [p∗1 (n), p∗2 (n), p∗3 (n)] in (13), the SNR values γi become
identical to each other (γ1 (n) = γ2 (n)).
For {αk } that are different from each other, it is difficult
to derive the closed-form solutions of (11), which is nonconvex. In this case, to solve problem (Pqi −ps ) of (12),
we adopt an iterative optimization algorithm in [22] that
maximizes a lower bound of the objective
P2function in (12). The
lower bound is given by r n (pn ) = 12 i=1 ai log2 (γi (n)) +
bi ≤ rn (pn ), where ai = γi,0 (n)/(1 + γi,0 (n)), bi = log2 (1 +
γi,0 (n))−ai log2 (γi,0 (n)), and γi,0 is a non-negative constant.
The equality holds when γi (n) = γi,0 (n) f or i ∈ {1, 2}.
This lower bound can be converted into a convex function by
the transformation pk (n) = epk (n) f or k ∈ {1, 2, 3}. Using
pk (n), the lower bound becomes
2

1X
r n (pn ) =
ai [log2 (|h1 (n)|2 |h2 (n)|2 ) + pj (n) + p3 (n)−
2 i=1

log2 (ep1 (n) |h1 (n)|2 +ep2 (n) |h2 (n)|2 +ep3 (n) |hi (n)|2 +1)]+bi
(14)

where j = (i mod 2) + 1. rn (pn ) in (14) is concave because
the second term in the RHS of (14) is concave (log-sum-exp
is convex). By replacing rn (pn ) in (12) with r n (pn ) and pn
by pn , we obtain the following convex optimization problem:
max r n (pn ), subject to
pn

3
X

αk epk (n) = pT (n).

(15)

k=1

An iterative method for solving problem (Pqi −ps ), based on
(15), is presented in Algorithm 2. At each iteration, this
algorithm solves the convex optimization (15) and updates the
parameters {ai , bi } in (14). It can be shown that Algorithm 2
converges to a solution satisfying the necessary Karush-KuhnTucker (KKT) condition for optimality [22].
2) Determining pT (n): So far, problem (Pqi −ps ) is
solved under the assumption that the total transmission power
for each subcarrier, pT (n), is given. Next, we describe the
process for determining {pT (n)}. Using (2) and (3) in (10),
the optimal power allocation problem is written as
"
#
N
2
X
X
∗
max
(1−βqi )
log2 (1+γi (n))−(λ0 +qi )pT (n)
pT (n)∀n

n=1

i=1

(16a)

Algorithm 2 Iterative method (Pqi −ps )
Input: Ips (maximum number iteration index)
ǫps (convergence tolerance)
p0n and a0i = 1, b0i = 0 for i = {1, 2}.
1: κ = 0
κ+1 2
2: while kpκ
k ≥ ǫps and κ < Ips do
n − pn
3:
Solve (15) to obtain its optimal solution p∗n and objective
value {γiκ }
4:
Update aκ+1
= γiκ /(1 + γiκ )
i
5:
bκ+1
=
log2 (1 + γiκ ) − aκ+1
log 2 (γiκ )
i
i
6:
κ←κ+1
7: end while

subject to

N
X

n=1

pT (n) ≤ Pmax and pT (n) ≥ 0 ∀ n, (16b)

where γi∗ (n) is equal to the SNR γi (n), given the optimal
p∗n = [p∗1 (n), p∗2 (n), p∗3 (n)]. (Recall that p∗n is given by (13)
when {αk } are equally likely, and obtained by Algorithm
2, otherwise.) This optimization problem can be solved efficiently by the Lagrange dual method [28]. The Lagrange dual
problem of (16) is defined as: minimizeλ≥0 g(λ) where g(λ)
is a Lagrange dual function given by
"
N
2
X
X
g(λ) = max
max (1 − βqi )
log2 (1 + γi∗ (n))
pT (n)∀n

n=1

pT (n)

i=1

−(λ0 + qi )pT (n) + λn pT (n)] + λ0 Pmax ,

(17)

and λ = [λ0 , λ1 , · · · , λN ]. Note that the optimal p∗T (n)
for each n, maximizing the per-subcarrier objective of (17),
can be found by one-dimensional search. The Lagrange dual
problem is solved by the subgradient method, as summarized
in Algorithm 3. At the j th iteration, for a given λ, the optimal
solution of (17), {p∗T (n)}, is obtained through the golden
section search [32] (step 5). Here during the search, for each
candidate pT (n), γi (n) is obtained, either by (13) (when {αk }
are equally likely), or by solving Algorithm 2 (when {αk }
are different). The Lagrange multiplier at the j th iteration is
denoted as λj = [λj0 , λj1 , · · · , λjN ] and updated by
"
!#+
N
X
j+1
j
∗
λ0 = λ0 + ξ0
pT (n) − Pmax
,
(18)
n=1

λj+1
= [λjn + ξn p∗T (n)]+ , f or n ∈ {1, · · · , N },
n

(19)

where {ξ0 , ξ1 , · · · , ξN } represent the step size, p∗T (n) is the
optimal solution at the j th iteration, and [x]+ = max(x, 0)
(steps 7-9). The proposed optimization presented in Algorithm
3 is called the modified TSA.
The computational load for the modified TSA is in
between those of the TSA and the DDM. It can be shown that
the TSA and the DDM need O(IN log2 (B ′ )) and O(IN B 3 )
computations, respectively, where I is the number of iterations
required by the subgradient method, and B and B ′ are the
number of power levels that can be taken by pk (n) and
Algorithm 3 Lagrange dual method for solving problem (Pqi )
Input: Iinner (maximum number of inner iterations)
ǫinner (convergence tolerance of inner loop)
λ, and step size {ξ0 , ξ1 , · · · , ξN }.
1: j = 0
2: while kλj k2 − kλj−1 k2 ≥ ǫinner and j < Iinner do
3:
j ←j+1
4:
for n : 1 → N do
5:
Obtain the optimal solution of (17), p∗T (n), by the golden
search, where for each candidate pT (n), γi (n) is obtained either
by (13) (when {αk } are the same), or by solving Algorithm 2
(when {αk } are different).
6:
end for
7:
Update λ with P
+
∗
8:
λ0 = [λ0 + ξ0 [ N
n=1 pT (n) − Pmax ]] ,
∗
+
9:
λn = [λn + ξn pT (n)] , for n ∈ {1, · · · , N }
10: end while
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7 In the simulation, it was observed that given the convergence tolerances
ǫouter = ǫinner = ǫps = 10−3 , the outer loop, the inner loop and
Algorithm 2 required at most 10, 100 and 10 iterations, respectively. The total
number of iterations for the proposed method, O(IN log2 (B ′ )Ips I(30) ), is
about 1% (0.001%) of that for the DDM, O(IN B 3 ), when {αk } are different
(the same).
8 The duality gap is zero if R∗ (P ) is a concave function of P
tx
tx [24]T
[26]. Through an additional simulation not reported here, we examined the
concavity of R∗T (Ptx ) w.r.t. Ptx for N ≥ 2. The results indicate that the
concavity holds when N ≥ 8, coinciding with the result in [25], [26].
Therefore, in our simulation where N = 72, the duality gap is virtually
zero.
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Fig. 2. EE against d where d is the distance between terminal T1 and
relay T3 . Here Pmax = 5 Watt, β = 0.01, Pc = 0.5, and [α1 , α2 , α3 ] ∈
{[4, 4, 2], [3, 3, 3], [2, 2, 4]}.
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The performance of the proposed optimization is examined by computer simulation. For comparison, two additional
schemes are considered: one is the SEM scheme that maximizes the SE and the other is the DDM based scheme which is
identical to the proposed method with the exception that the inner loop problem of the Dinkelbach’s method is solved by the
DDM. The parameters for the simulation are as follows: For
the iterative optimization, we set Iouter = 10, Iinner = 100,
Ips = 10, I(30) = 100, ǫouter = ǫinner = ǫ(30) = 10−3 ,
B = 100, and B ′ = 300.7 For the power consumption model,
we use Pc ∈ {0.1, 0.5}Watt, αk ∈ {2, 3, 4}, β ∈ {0.1, 0.01}
in the unit of uJ/bit, and Pmax varying from 0.01 Watt to
5 Watt. The bandwidth of the channel is 1MHz, the number
of subcarriers N = 72, and the noise power spectral density
is −174dBm/Hz.8 The channel is modeled by the path-loss,
given by 128.1 + 37.6 log10 (D) where D is the distance in the
unit of Km [33], and uncorrelated Rayleigh fading obeying
the complex Gaussian distribution, CN (0, 1). We assume onedimensional network geometry, as shown in Fig. 1, where
the distance between terminals T1 and T2 is 1Km, and the
distance between terminals T1 and T3 is denoted by “d.”
Fig. 2 shows the energy efficiency against d. The proposed and the DDM-based schemes perform almost the same
and, as expected, outperform the SEM scheme maximizing
the SE instead of the EE. These three schemes achieve their
maximum EEs when d = 1 − d = 0.5, suggesting that the
relay be located in the middle to enhance the EE as in the
case of SEM in [21]. Comparing the performances of the
proposed schemes with different PA efficiencies, the proposed
with [α1 , α2 , α3 ] = [4, 4, 2] and [α1 , α2 , α3 ] = [2, 2, 4] exhibit
the best and the worst performances, respectively, and the EE
curve for [α1 , α2 , α3 ] = [3, 3, 3] lies in between the other
two curves. These results indicate that employing a PA with
higher efficiency is more important to the relay than to the
sources. This is because the proposed scheme assigns more
power to the relay that transmits the sum of two signals from
the sources. Similar observations can be made for the DDM
based and the SEM schemes.

4

Mbits/Joule (Energy Efficiency)

IV. S IMULATION R ESULTS

4.5

Mbits/Joule (Energy Efficiency)

pT (n), respectively [21]. When {αk } are different from each
other, the computational load of the modified TSA is given by
O(IN log2 (B ′ )Ips I(30) ), where Ips is the maximum number
of iterations of Algorithm 2 and I(30) is the number of
iterations needed for solving (15).In general, log2 (B ′ )Ips I(30)
can be considerably smaller than B 3 , and thus, the modified
TSA requires less computation than does the DDM.

2

32

Fig. 3. EE/SE against Pmax where d = 0.5, β = 0.01, and [α1 , α2 , α3 ] ∈
{[4, 4, 2], [3, 3, 3], [2, 2, 4]}.

Figs. 3 and 4 compare the EE/SE curves of the proposed
and the SEM schemes against the total power Pmax , where
the former shows the curves for different PA efficiencies and
the latter shows those for different βs and Pc s. (As in Fig. 2,
the EE/SE curves of the DDM-based schemes overlap those
of the corresponding curves of the proposed method, and the
DDM curves are not shown.) As Pmax is increased, the SEM
scheme continues to allocate more power to the terminals to
increase the SE, and as a result the EE of the SEM scheme
decreases after achieving its maximum EE. On the other hand,
after attaining the maximum EE, the proposed EEM scheme
stops allocating more power to the terminals and its EE/SE
curves remain constant. In Fig. 4, it is noted that reducing
Pc in the proposed method causes a reduction of the optimal
o
transmit power Ptx
which in turn considerably increases the
EE but decreases the SE. The reason why this happens is as
follows: referring to the definitions of EE/SE and the total
power consumption in (4)-(9), the EE can be increased by
simply decreasing the transmit power when both Pc and β are
close to zero, because the slope of the log function in (5) is
steeper when the SNR is small. Therefore, incorporating the
data rate constraint with (13) (Observation 2) is particularly
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Fig. 4. EE/SE against Pmax where d = 0.5, β ∈ {0.1, 0.01}, Pc ∈
{0.1, 0.5}, and [α1 , α2 , α3 ] = [3, 3, 3].

important when Pc and β are close to zero. Comparing the
curves in Fig. 4 for different values of β, the EEs decrease
as β increases. This happens because the dynamic power
consumption increases linearly with β.
V. C ONCLUSION
A process for optimally allocating the power to each
subcarrier of OFDM signals over a two-way AF relay network
was developed. The performance metric for the optimization
was the EE defined as the ratio of system throughput over
the total power consumption incorporating the transmission
power, the fixed circuit power and the rate-dependent dynamic
circuit power. The EE was shown to be quasi-concave w.r.t. the
transmission power and maximized by Dinkelbach’s method in
conjunction with the modified TSA algorithm. Simulation results show that the proposed scheme can efficiently maximize
the EE. Further work in this area includes the extension of the
proposed method to a two-way relay network with multiple
relays.
R EFERENCES
[1] B. Rankov, and A. Wittneben, “Spectral efficient protocols for half-dulpex
fading relay channels,” IEEE J. Sel. Areas Commun., vol. 25, pp. 379-389,
Feb. 2007.
[2] M. Zhou, Q. Chui, R. Jantti, and X. Tao, “Energy-efficient relay selection
and power allocation for two-way relay channel with analog network
coding,” IEEE Commun. Lett., vol. 16, no. 6, pp. 816-819, June, 2012.
[3] G. Y. Li, Z. Xu, C. Xiong, C. Yang, S. Zhang, Y. Chen, and S. Xu,
“Energy-efficient wireless communications: tutorial, survey and open
issues,” IEEE Wireless Commmun. Mag., vol. 18, no. 6, pp. 28-35, Dec.
2011.
[4] D. Feng, C. Jiang, G. Lim, L. Cimini, G. Feng, and G. Li, “A survey
of energy- efficient wireless communications,” IEEE Communs. Surveys
Tuts., vol. 15, no. 1, pp. 167-178, Jan. 2013.
[5] S. Safavi, M. Ardebilipour, and S. Salari, “Relay beamforming in cognitive two-way networks with imperfect channel state information,” IEEE
Wireless Commun. Lett., vol. 1, no. 4, pp. 344-347, Aug. 2012.
[6] Y. Pei and Y.-C. Liang, “Resource allocation for device-to-device communications overlaying two-way cellular networks,” IEEE Trans. Wireless
Commun., vol. 12, no. 7, pp. 3611-3621, July 2013.
[7] P. Pahlevani, M. Hundeboll, M. V. Pedersen, D. Lucani, H. Charaf, F. H.
P. Fitzek, H. Bagheri, and M. Katz, “Novel concepts for device-to-device
communication using network coding,” IEEE Communications Magazine,
pp. 32-39, Apr. 2014.

[8] C. Sun, C. Yang, Y. Li and B. Vucetic, “Transceiver design for multi-user
multi-antenna two-way relay cellular systems,” IEEE Trans. Commun.,
vol. 60, no. 10, pp. 2893-2903, Oct. 2012.
[9] C. Xiong, G. Y. Li, S.-Q. Zhang, Y. Chen, and S.-G. Xu, “Energy- and
spectral-efficiency tradeoff in downlink OFDMA networks,” IEEE Trans.
Wireless Commun., vol. 10, no. 1, pp. 3874-3886, Nov. 2011.
[10] T. Wang, L. Vandendorpe, “On the optimum energy efficiency for
flat-fading channels with rate-dependent circuit power,” IEEE Trans.
Commun., vol. 61, no. 12, pp. 4910-4921, Dec. 2013.
[11] Y. Li, X. Zhang, M. Peng, and W. Wang, “Power provisioning and relay
positioning for two-way relay channel with analog network coding,” IEEE
Signal Process. Lett., vol. 18, no. 9, pp. 517-520, Sep. 2011.
[12] H. Kim, N. Lee, and J. Kang, “Energy Efficient two-way AF relay
system with multiple-antennas,” in Proc. IEEE VTC Fall, 2011, pp. 15
[13] C. Sun, and C. Yang, “Energy- efficiency Hybrid One- and Two-Way
Relay Transmission,” IEEE Trans. Veh. Technol., vol. 62, no. 8, pp. 37373757, Oct. 2013.
[14] C. Sun, Y. Cen, and C. Yang, “Energy efficient OFDM relay systems,”
IEEE Trans. Commun., vol. 61, no. 5, pp. 1797-1809, May 2013.
[15] H. Yu, Y. Li, X. Zhong, L. Wang, and J. Wang, “The analysis of the
energy efficiency for the decode-and-forward two-way relay networks,”
in Proc. IEEE WCNC, Shanghai, China, April 2013, pp. 2823-2837.
[16] Q. Li, Y. Liu, X. Zhang, W. U. Rehman, “Tradeoff between energy
efficiency and spectral efficiency in two-way relay network,” in Proc.
IEEE ICCT, Chengdu, China, Nov. 2012, pp. 929-934.
[17] L. Fang, J. Xu, and L. Qiu, “Energy efficiency optimization for twoway relay channels,” in Proc. IEEE ICC workshop, E2NET, Budapest,
Hungary, June 2013, pp. 425-430.
[18] Q. Sun, L. Li, and M. Juntti, “Energy efficient transmission and
optimal relay location for two-way relay systems,” in Proc. IEEE WCNC,
Shanghai, China, April 2013, pp. 2828-2832.
[19] W. Dinkelbach, “On nonlinear fractional programming,” Management
Science, vol. 13, pp. 492-498, Mar. 1967.
[20] C. K. Ho, R. Zhang, and Y. C. Liang, “Two-way relaying over OFDM:
Optimized tone permutation and power allocation,” in Proc. IEEE ICC,
Beijing, China, May 2008, pp.3908-3912.
[21] Y. U. Jang, E. Jeong, and Y. H. Lee, “A two-step approach to power
allocation for OFDM signals over two-way amplify-and-forward relay,”
IEEE Trans. Signal Processing, vol. 58, no. 4, pp. 2426-2430, Apr. 2010.
[22] J. Papandriopoulos, and J. S. Evans, “SCALE: A low-complexity distributed protocol for spectrum balancing in multiuser DSL networks,”
IEEE Trans. Info. Theory, vol. 55, no. 8, pp. 3711-3724, Aug. 2009.
[23] M. Dohler and Y. Li, Cooperative Communications, Hardware, Channel
& PHY. Wiley, 2010.
[24] W. Yu and R. Lui, “Dual methods for nonconvex spectrum optimization
of multicarrier systems,” IEEE Trans. Commun., vol. 54, no. 7, pp. 13101322, July 2006.
[25] K. Seong, M. Mohseni, and J. Cioffi, “Optimal resource allocation for
OFDMA downlink systems,” in Proc. IEEE Int. Symp. Inf. Theory (ISIT),
Jul. 2006, pp. 1394-1398.
[26] C. Ning Hsu, H. Su, and P. Lin, “Joint subcarrier pairing and power
allocation for OFDM transmission with decode-and-forward relaying,”
IEEE Trans. Signal Processing, vol. 59, no. 1, pp. 399 - 414, Jan. 2011.
[27] R. K. Sundaram, A First Course in Optimization Theory. New York:
Cambridge Univ. Press, 1996.
[28] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge, U.K.:
Cambridge Univ. Press, 2004.
[29] K. T. K. Cheung, S. Yang, and L. Hanzo, “Achieving maximum
energy-efficiency in multi-relay OFDMA cellular networks: a fractional
propramming approach,” IEEE Trans. Commun., vol. 61, no. 7, pp. 27462757, July 2013.
[30] D. W. K. Ng, E. S. Lo, and R. Schober, “Wireless information and power
transfer: energy efficiency optimization in OFDMA systems,” IEEE Trans.
Wireless Commun., vol. 12, no. 12, pp. 6352-6370, Dec. 2013.
[31] A. Zappone, P. Cao, and E. A. Jorswieck, “Energy efficiency optimization in relay-assisted MIMO systems with perfect and statistical CSI,”
IEEE Trans. Signal Processing, vol. 62, no. 2, pp. 443-457, Jan. 2014.
[32] E. K. P. Chong and S. H. Zak, An Introduction to Optimization. John
Wiley & Sons, Inc., 2008.
[33] IEEE 802.16-2006: “IEEE Standard for Local and Metropolitan Area
Networks - Part 16: Air Interface for Fixed Broadband Wireless Access
Systems.”

0018-9545 (c) 2013 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See
http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

