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Abstract—In this paper, we analyze the diversity–multiplexing
tradeoff (DMT), originally introduced by Zheng and Tse, and
outage performance for Rician multiple-input–multiple-output
(MIMO) channels. The DMT characteristics of Rayleigh and
Rician channels are shown to be identical. In a high signal-to-noise
ratio (SNR) regime, the log–log plot of outage probability versus
SNR curve for a Rician channel is a shifted version of that for
the corresponding Rayleigh channel. The SNR gap between the
outage curves of the Rayleigh and Rician channels is derived. The
DMT and outage performance are also analyzed for Rician multiple-input–single-output (MISO)/single-input–multiple-output
(SIMO) channels over a finite SNR regime. A closed-form expression for the outage probability is derived and the finite SNR
DMT characteristic is analyzed. It is observed that the maximum
diversity gain can be achieved at some finite SNR–the maximum
gain tends to increase linearly with the Rician factor. The finite
SNR diversity gain is shown to be a linear function of the finite
SNR multiplexing gain. The consistency between the DMTs for
finite and infinite SNRs is also shown.
Index Terms—Diversity–multiplexing tradeoff (DMT), finite
signal-to-noise ratio (SNR), maximum diversity gain, multiple-input–multiple-output (MIMO), outage, Rician.

I. INTRODUCTION
ULTIPLE-INPUT–MULTIPLE-OUTPUT (MIMO) antenna systems can offer a dramatic increase in transmission rates by spatial multiplexing [1]–[3], and they can significantly improve link reliability by transmit diversity such as
space–time coding [4], [5]. However, their design requires some
caution because there is a tradeoff between diversity and multiplexing gains and maximizing one type of gain does not necessarily maximize the other. This type of tradeoff was first discussed by Tarokh et al. [4], where an upper bound on the symbol
rate is derived as a function of the transmit diversity gain and
signal constellation size. Tarokh et al. define the symbol rate as
the number of transmit symbols per channel use (pcu) and the
transmit diversity gain in terms of the pairwise error probability.
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Based on this result, various space–time codes have been developed, including the full-rate and full-diversity codes [6]–[9],
linear dispersion codes [10], [11], and space–time codes with
optimal rate-diversity tradeoff [12]–[14].
An alternative approach to characterizing the tradeoff has
been introduced by Zheng and Tse [15]. In the high signal-tonoise ratio (SNR) regime, they define the diversity gain in terms
of codeword error probability and the multiplexing gain as the
normalized rate parameter , where the limiting transmission
SNR bits pcu (it scales with SNR). Then, the
rate is given by
maximum-achievable diversity gain is obtained for each under
the following assumptions: the channel is independent and identically distributed (i.i.d.) Rayleigh and quasi-static, the SNR approaches infinity, and perfect channel state information (CSI) is
available at the receiver but there is no CSI at the transmitter.
In their derivation, outage analysis plays an important role due
to the fact that outage and codeword error probabilities have the
same SNR exponent, which represents the diversity gain. This
work has stimulated a number of research efforts to extend the
optimal diversity–multiplexing tradeoff (DMT) for other practical channel models [16]–[19] and for cases with some CSI at
the transmitter [20]–[22]. Asymptotic outage performance [23]
and the DMT for finite SNR [24], [25] have also been characterized. In addition, there have been many works that propose practical techniques approaching the optimal tradeoff [26]–[32].
A recent trend in DMT research is a compound channel approach [27], [28], [33], where a slowly varying fading channel
not in outage is viewed as a set of different channel realizations for which optimal codes are designed. Especially, approximately universal codes [27], [28] have been proposed based on
compound channel approaches. They showed that a code satisfying a certain criterion achieves the optimal DMT for MIMO
channels with arbitrary fading statistics. Such a design methodology is also practically important since it is robust to channel
modeling errors. This approach can be applied to any fading distributions including Rayleigh and Rician, thus providing a general framework for studying DMT.
Such general approaches are ideal for studying DMT and
outage behaviors at asymptotically high SNRs. However, it
would also be beneficial to study outage behaviors at finite
SNRs that are practical operating regimes. Furthermore, such
outage behaviors at finite SNRs can be quite different for
different fading statistics, which may not show up in DMT
analysis alone.
In this paper, we study the DMT and outage behaviors for Rician MIMO channels. Assuming no CSI at the transmitter for
slowly varying Rayleigh fading channels can be pessimistic in
practical systems because slow fading means there is enough
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time for channel state feedback and thus assuming partial CSI
would be more realistic if there existed a feedback path. Such
CSI would not be perfect due to time-varying fading, channel
estimation errors, and errors in the feedback channel. Rician
fading can be a good model for such partial CSI scenarios, i.e.,
the mean part representing the known part and the Rayleigh part
representing the uncertainty of the CSI knowledge, and therefore can be important in practice.
We first show that the DMT characteristics of Rayleigh and
Rician channels are identical, which is rather obvious. This fact
indicates that for high SNR, the log–log plot of outage probability versus the SNR curve for a Rician channel is a shifted version of that for the corresponding Rayleigh channel. We analyze
the SNR difference between the outage curves for Rayleigh and
Rician channels. Furthermore, the finite SNR DMT is characterized for Rician multiple-input–single-output (MISO)/singleinput–multiple-output (SIMO) channels through some modification of the results in [24] and [25]. Specifically, an alternative definition for finite SNR multiplexing gain is introduced,
while adopting the same definition as in [24], [25] for diversity
gains, and a closed-form expression for the outage probability
is derived in terms of the generalized Marcum -function [34].
Using the outage expression for MISO/SIMO channels, closedform expressions for the maximum diversity gain and the corresponding finite SNR, at which the maximum is achieved, are
derived. The finite SNR diversity gain for MISO/SIMO channels is represented as a linear function of the finite SNR multiplexing gain.
The rest of this paper is organized as follows. Section II describes the model for a Rician MIMO channel and Section III
characterizes the DMT and outage performance for Rician channels. The maximum diversity gain and DMT for finite SNR are
derived in Section IV for the case of Rician MISO/SIMO channels. Finally, Section V summarizes this paper with some concluding remarks.
Throughout this paper the superscript denotes the conjugate
, and
transpose of a matrix, is the identity matrix of size
is the field of complex numbers.
,
, and
are the
expectation, the trace, and the determinant, respectively. Unless
otherwise stated, all logarithms are assumed to be to the base 2.
II. CHANNEL AND SYSTEM MODEL
transmit antennas and
Consider a MIMO system with
receive antennas over a flat fading channel. Let
and
denote the transmitted and received vectors, respectively, at a certain time. The baseband equivalent signal model
of the MIMO system is given by
(1)
is the average SNR at each receive antenna,
is the channel matrix whose element
represents the complex channel gain between the th transmit
antenna and the th receive antenna, and
is an additive white Gaussian noise (AWGN) vector. For notational
convenience, we define

When the channel is Rician,

(2)

can be expressed as
(3)

), is a deterministic
where denotes the Rician factor (
matrix representing line-of-sight (LOS) components and is nor, and
consists of zero-mean
malized as
complex Gaussian random variables with unit variance [35].
Hence, the channel is normalized such that
(4)
It is assumed that the channel
is known at the receiver, but
not known at the transmitter. Both the transmitter and the receiver know .
III. DMT AND OUTAGE PROBABILITY FOR RICIAN CHANNELS
In this section, the DMT for Rician channels is examined
after briefly reviewing the DMT for Rayleigh channels. Then,
an asymptotic difference between the outage probabilities of
Rayleigh and Rician channels is analyzed.
A. DMT for Rayleigh Channels [15]
Let and denote the multiplexing and diversity gains, respectively. Then
(5a)
and
(5b)
where
is the target rate for a given SNR and
is the
error probability assuming the maximum-likelihood (ML) decoding.1 For simplicity, the notation is used for representing
the relation in (5b), specifically
(6)
is identical to (5b), and
is referred to as the exponential
equality.
The optimal DMT for MIMO Rayleigh channels is described
as follows.
Theorem 1 [15]: When the channel in (1) has Rayleigh distri, the optimal DMT
bution and the block length
curve is given by the piecewise linear function connecting the
for
.
points
The optimal DMT curve represents the maximum diversity
.
gain for a given multiplexing gain and is denoted by
This theorem has been proved by showing that the outage probability

where

and
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(7)
satisfies
(8)
1To simplify notations, R() will be written as R if dropping  does not cause
any confusion.
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and that the error probability
achieving scheme also satisfies

of an optimal DMT-

(9)
B. DMT for Rician Channels
For a Rician channel with factor , the outage probability,
, is defined by (7) and can be rewritten
denoted by
as
(10)

where
exist such that

means that positive constants
for all
.

and

The proof of this lemma is presented in Appendix I. Note that
when setting
and using (13) in (11), the joint pdf of
becomes irrelevant of
for all and is thus equivalent to that
for Rayleigh channels. It can be easily verified by putting
into (14). Using Lemmas 1 and 2, we obtain the desired result.
Theorem 2: The optimal DMT curve for Rician channels is
and is identical to that for
independent of the Rician factor
Rayleigh channels.
Proof: Using (13) in (11), we get

where

are the eigenvalues of
and
. The joint probability density function (pdf) of the
ordered eigenvalues
is derived as
follows.
Lemma 1: Let
denote the
eigenvalues of
, where is the channel mean matrix. Suppose that
for all and . Then, the joint pdf of the ordered eigenvalues
is given by

(14)
where
(15)
Following the approach in [15], we define
(16)
The joint pdf of

is

(11)
where

is a normalizing constant,
,
indicates the determinant of a matrix whose
th
, and
is a hypergeometric function with
entry is
scalar arguments given by

(17)
and the outage probability is given by

(12)
Here,
[36].

(18)

is the modified Bessel function of the first kind

This result can be obtained by modifying the joint pdf
in [37] using the hypergeometric function
becomes zero, (11)
expression in [38]. If the Rician factor
should be the same as the joint pdf of
for MIMO Rayleigh
channels in [15]. Equation (11) cannot be evaluated when is
exists. Next, an asymptotic
exactly zero, but its limit as
expression for the determinant of the hypergeometric function
is derived.

where set consists of
occurs. In (17), note that

for which the outage

and for any
, the term
decays exponentially with . Due to these facts, (18) can be rewritten as

Lemma 2: For high SNR,
in (11) can be represented as
(19)

(13)

denotes
and
represents the set of
where
-real vectors whose elements are nonnegative. The outage expression in (19) is identical to that for Rayleigh channels. This
completes the proof.
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Theorem 2 indicates that LOS components of Rician channels do not influence the DMT property of the MIMO system.
This happens because the multiplexing and diversity gains are
defined when SNR approaches infinity—in this case, the tail behaviors of Rician channels follow those of Rayleigh channels.
reaches infinity, the Rician channel
If the Rician factor
matrix in (3) becomes , which is deterministic. The DMT
for this case is described below.
Theorem 3: When the Rician factor
optimal DMT curve is given by

ference between
that

and
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in a high SNR regime such
is satisfied. Let
(25)

Then,
is the SNR gap. Its asymptotic
properties are derived using the following lemma.

becomes infinite, the

Lemma 3: For high SNR, the outage probability in (10) can
be expressed as

(20)

(26a)

if
if

.

where
can be

Proof: From (10), the outage probability for
written as

(26b)
(21)

are the eigenvalues of
where
and (21) is rewritten as

. From (5a),

,

(26c)

(26d)

(22)
Hence,

, and represents the hyperspace of
satisfying
and
.
Proof: From Lemmas 1 and 2, the joint pdf of
for high SNR is represented as

from (5b) is expressed as
(23)

, then
If
right-hand side (RHS) of (23) becomes . For
,
and

and the
.

Note that for the deterministic channel matrix , we have
infinite diversity gain as long as the multiplexing gain
.
C. Asymptotic Difference Between Outage Probabilities of
Rayleigh and Rician Channels
Theorem 2 indicates that in a high SNR regime, the log–log
plot of outage probability versus SNR curve for a Rician
channel is a shifted version of that for the corresponding
Rayleigh channel. The SNR difference between the outage
curves for Rayleigh and Rician channels is called the asymptotic SNR gap. To be specific, let
(24)
where
is a desired outage probability for a fixed
and
are the SNR values that are required
target rate .
when the channels are Rician and
for achieving
Rayleigh channels, respectively. Our objective is to find the dif-

(27)
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Equation (27) follows the steps similar to those in [23], which
are essentially equivalent to those of the original DMT paper
is used instead of
[15] except that
. Because (10) is given by the integral of the joint pdf of
over the hyperspace , the outage probability in
(26a) is obtained using (27) in
(28)

Note that for the Rayleigh channel,
probability is given by [37]

and the outage
(29)

MIMO Rayleigh and Rician
Theorem 4: For the
channels, the asymptotic SNR gap is given by
(30)

Fig. 1. Outage probabilities and asymptotic SNR gaps for R = 10, K = 0; 1,
and 2.

where

is the Rician factor and the limit is taken such that
is satisfied.
Proof: Because the asymptotic diversity gains for
conRayleigh and Rician channels are identical,
and
go to infinity. Since
verges to a constant as

IV. FINITE SNR ANALYSIS FOR RICIAN MISO
AND SIMO CHANNELS

, from (26c), we obtain

In

(26d),

gaps in (30) are 1.33 dB (
) and 3.91 dB (
). These
results indicate that the analytical SNR gaps match well with
the simulation results.

and
. Hence

Finite SNR multiplexing and diversity gains are defined, and
a closed-form expression for the outage probability is derived
for Rician MISO and SIMO channels. Then, the slope of the
outage probability is examined in a finite SNR regime and finite
SNR DMT characteristics are analyzed.
A. Finite SNR Multiplexing and Diversity Gains
of a MIMO
The finite SNR multiplexing gain
system with the target rate and SNR , operating over a Rician
channel with factor , is defined by the slope of the plot
versus
:

(31)
(32)
.
where the last equality holds since
Then, from (24), the RHS of (31) is equal to one, and (30) can
be obtained.
Note that the asymptotic SNR gap is irrelevant to the target
rate and the number of transmit and receive antennas, denoted
by
and
, respectively, and increases exponentially with
the Rician factor .
Example 1: Computer simulation has been performed to
check the accuracy of (30). The simulated channels are
MIMO channels with
, and
. The channel
matrix in (3) is generated
times for each , and
in (7) is estimated. The results are shown in Fig. 1. As expected,
for high SNR, the slopes of the outage curves look identical
to one another. When the outage probability is less than
[
in (24)], the SNR gaps for
and are 1.3
and 3.5 dB, respectively, while the theoretical asymptotic SNR

Similarly, the finite SNR diversity gain is defined by the negative
slope of the plot
versus
[25]2:
(33)
The consistency of these definitions with the original definitions
of multiplexing and diversity gains in (5) is shown below.3
Lemma 4:
(34)
2To simplify notations, r (R; ; K ) and d (R; ; K ) will be written as r
and d , respectively, if dropping (R; ; K ) does not cause any confusion.
3In [25], the finite SNR multiplexing gain is defined as r (R; ; K ) =
R()=log(1 + g), where g is a constant called the array gain. This definition
also converges to the multiplexing gain r in (5a) as  goes to infinity. We
use the definition in (32) because if R() is linear with respect to log, then
R()=log = r for any .
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,
, and
is
where
the generalized Marcum -function [34] (to simplify notations,
is written as ). Furthermore, the pdf of is given by
(35)
Proof:

(39)

, where the second equality comes from
the l’Hôspital’s rule. Equation (35) can be obtained in a similar
manner.
Therefore, the finite SNR multiplexing and diversity gains
can be viewed as extensions of the original definitions. The finite
SNR diversity gain in (33) can be rewritten as

is the modified Bessel function of the first kind.
where
Proof: The sum
is a complex noncentral
chi-squared random variable with degrees of freedom and the
noncentrality parameter
. Its pdf is given by [39]

(40)
Using this pdf, the following outage probability is derived in
[40]:
(41)

(36)
where
for some SNR in the neighborhood of (
) and
. Here,
denotes the additional rate that
can be achieved by increasing the SNR from to (
is
a nonnegative constant). Note in (36) that
is represented explicitly in terms of . This fact is useful for deriving the finite
SNR DMT characteristic.
B. Outage Probability for MISO/SIMO Channels With Finite
SNR
When
or a SIMO (
reduced to

The expressions in (38) and (39) come from (41) and (40), respectively, through changing the variables.
An asymptotic outage probability for large
the following lemma.

is presented in

Lemma 6: When the Rician factor
is large, the outage
probability shown in (38) can be represented as
if
if
where

,

(42)

is defined in Lemma 5, and

, which corresponds to either a MISO (
)
) system, the outage probability in (7) is

(37a)
(37b)
(37c)
where
, is the th element of the channel
vector,
,
, and
denotes the cumulative density function (cdf) of . In this case,
a closed-form expression for the outage probability can be obtained.
over a Rician
Lemma 5: For MISO/SIMO systems
channel, the outage probability in (37) can be represented as
(38)

(43)
The proof of this lemma is presented in Appendix II.
Example 2: Computer simulation has been performed to
confirm the results in Lemma 5. The simulated channels are
MISO channel with
, and
.
The channel matrix in (3) is generated
times for each
, and
is estimated. The results, shown in
Fig. 2, indicate that the theoretical outage curves match well
with the simulation results. (The simulation curves are shown
for
, while the theoretical curves are
extended up to
.)
An interesting observation that can be made in Fig. 2 is that
the slope of the outage curves varies depending on the SNR .
When
, the maximum of the negative slope occurs at
some finite SNR, and finding such an SNR value would be of
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Fig. 2. Outage probability curves for 2
K = 3; 10; 13, and R = 12.
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2

1 MISO channels with

Fig. 3. Finite SNR diversity gains corresponding to the outage probability
curves in Fig. 2.

practical importance. This issue will be addressed in the next
section.
C. Finite SNR Maximum Diversity Gain for a Fixed Rate
The objective of this section is to find the maximum
of
when
is fixed and
is large. It will
be shown that the maximum diversity gain, denoted by
, can be achieved at some finite SNR, say
, i.e.,
.
Theorem 5: For Rician MISO/SIMO channels with factor
the finite SNR maximum diversity gain
is given by

,

(44)
and the maximum is achieved at
(45)
This theorem can be proved using Lemma 6 (see Appendix III
for the proof). It is interesting to note that for large , the maximum diversity gain
tends to increase linearly with
and is independent of the target rate . The optimal SNR
is
almost independent of .
Example 3: To confirm the expression for in (45), we have
numerically obtained the negative slopes of the outage probability curves in Fig. 2. (The slopes are evaluated for each 1-dB
interval of SNR, assuming that the slope remains constant in the
interval.) The results are shown in Fig. 3. The maximum diversity gains are achieved at SNR 42 dB irrespective of , which
is almost identical to
in (45).
in (44),
Example 4: To confirm the expression of
is obtained using the outage expression in (38). The
and
MISO channels with
and
are considered.
The Rician factor
is varied from to
and the negative

Fig. 4. Finite SNR maximum diversity gains
MISO channels with R = 6 and 12.

d

for 2

2 1 and 4 2 1

slope of the outage probability is evaluated at SNR 24 and
42 dB, which are the optimal SNRs when
and , respectively. The results are shown in Fig. 4. For comparison, the
analytical values given by
in (44) are also
shown. As predicted by the analysis,
for
and
, which are numerically obtained from (38), are almost idencurves overlap. It is seen
tical to each other and their
that the numerical and analytical results match well even for relatively small
values.
A Rician channel converges to an AWGN channel as goes
to infinity. Therefore, it is worthwhile to compare the results
in Theorem 5 with the corresponding characteristics of AWGN
channels. The outage probability of an AWGN channel is represented as
if
(46)
otherwise
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is a threshold value given by
(47)

and

[This can be obtained directly from (37b).] Equation (46) indicates that the maximum diversity gain of an AWGN channel
is infinity. This coincides with the result in (44), showing that
approaches infinity as goes to infinity. However,
in (47) is different from the first term of the RHS of (45). Specifically
(48)
Therefore,

is asymptotically 6 dB higher than

(51)
Then,

.

D. Finite SNR DMT for MISO/SIMO Channels
In this section, we will derive the DMT characteristic
for MISO/SIMO channels over a finite SNR regime. It will
be shown that, as in the case of conventional DMT for
MISO/SIMO channels over infinite SNR regime, the diversity
gain can be represented as a linear function of the multiplexing
gain.
and
denote the finite SNR maximum mulLet
tiplexing and diversity gains, respectively, which are defined as
the multiplexing gain when
and the diversity gain
when
. The relation between
and
is presented in
the following theorem.

and we get
is obtained,

. Next, an expression for

Theorem 6: For MISO/SIMO Rician channels, the finite SNR
DMT is given by
(49)
.
where
Proof: We first obtain
and (36), we get

(52)
Referring to (51),

. From the definition of

can be represented as

(53)

Using the outage expression in (37c), this can be rewritten as

and from (52) and the definition of

in (37), (53) becomes

(50)
The l’Hôspital’s rule is applied to the left-hand side (LHS) of
(50) by taking the derivatives of the numerator and the denominator with respect to
and then setting
.
This results in

This completes the proof.
The finite SNR DMT in (49) is consistent with the DMT for
the infinite SNR case. For MISO/SIMO channels over infinite
SNR regime, the DMT is expressed as (Theorems 1 and 2)
(54)
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APPENDIX I
PROOF OF LEMMA 2
It is found that the series expansion of the
hypergeometric function yields [36]

scalar

(55)
. Let
denote the
where
of
.
summation over all permutations
Then, from (55), the determinant can be written as



Fig. 5. DMT lines for Rician MISO/SIMO channels with K
2, where
n = max n ; n and  is the SNR at which the maximum diversity gain
is obtained for a given target rate R.

f

g

The DMT relation in (49) becomes identical to (54) as
comes infinite because
and

be-

When
, the diversity gain
becomes
in (44)
and for most Rician channels
is larger than . For example,
for
(recall Example 4), and thus
tends to be greater than for
.
The DMT line with
is compared with the conventional
DMT (infinite SNR) in Fig. 5. MISO/SIMO systems operating
at the finite SNR can enjoy considerably larger diversity gains
for most values of the multiplexing gains than those with infinite SNR, and the loss in the maximum multiplexing gain
would not be severe if
.

..
.

..

.

..
.

..
.

..

.

..
.

V. CONCLUSION
(56)
The DMT [15] and asymptotic outage expression for
Rayleigh channels have been extended for Rician channels. The
asymptotic SNR gap, representing the SNR difference between
the outage curves of Rayleigh and Rician channels, was shown
to increase exponentially with the Rician factor . The DMT
analysis for MISO/SIMO channels in a finite SNR regime
resulted in the closed-form expressions for the maximum
diversity gain and the optimal SNR at which the maximum is
achieved. Finally, the finite SNR diversity gain was expressed
as a linear function of the finite SNR multiplexing gain.
The finite SNR DMT in Section IV can be directly applied
to the orthogonal space–time block code (OSTBC) [5] because
transmit
an OSTBC can be viewed as a MISO channel with
antennas.
Further work in this area includes the characterization of
DMT and outage performance for multiple-access MIMO
channels and cooperative relay channels.

is or depending on the permutation
where
being even or odd, respectively. Therefore, (13) holds.
APPENDIX II
PROOF OF LEMMA 6
The generalized Marcum -function in (38) can be represented in a series form as [41]

if
(57)
if
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and the outage probability in (38) can be rewritten as

where
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is given in (39). Using the fact that
, we obtain

if

if

.

(58)
We first consider the case where
. With the expression for the modified Bessel function of the first kind given by
[36]

(64)
To evaluate the point of inflection satisfying (62), denoted by ,
we need the following expressions for
and
:

(59)
the outage probability in (58) is represented as
(65)
and

(66)
where (65) and (66) are derived using the expressions for the
modified Bessel functions of the first kind presented as follows
[36]:
(60)
and
which is the result in (43). When
approach similar to the first case, we obtain

, following the

(61)

APPENDIX III
PROOF OF THEOREM 5

and

This can be proved using the outage expression in Lemma 6.
and
, where
For simplicity, let
is defined in (43). We first consider the case where
. Then,
and the maximum diversity gain is achieved at satisfying
(62)
After some calculation, the first derivative of

Using (43), (65), and (66) in (63) and (64), we obtain

is written as

(63)

(67)
where

and
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The result in (67) indicates that

(68)
From the definitions of and
as

in Lemma 3, the SNR is written

(69)
, the SNR in (69) becomes the desired expression
When
in (45). Now

which is the result in (44). When
,
in (62) is
given by
. In this case, following the
approach similar to the first case, we can show that the point
violates the constraint
. Therefore, the
of inflection
maximum diversity gain cannot be achieved for this case.
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