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Abstract—We propose a cognitive radio system in fading environments where the secondary sender opportunistically violates
the secondary-to-primary (S-P) interference power limit. Assuming a slowly-varying fading interference channel with two-senders
and two-receivers, the primary sender adjusts its rate and power
depending on its own channel, while ignoring the secondary
user. Through an optimization process, the secondary sender’s
rate and power are determined and the decision is made on
whether the secondary sender violates the S-P interference power
limit. The primary receiver removes the effect of excessive S-P
interference by multiuser decoding (MUD) which jointly decodes
the primary and secondary senders’ data. Achievable rates of
the proposed system are examined by computer simulation. It
was observed that the proposed system tends to violate the SP interference power limit when the S-P channel gain is larger
than the other channel gains. Remarkably, the proposed system
can provide a considerably high data rate for the secondary user
even without sacrificing the data rate for the primary user over
a wide range of signal-to-noise ratios.
Index Terms—Cognitive radio, spectrum sharing, interference
channel, interference-temperature, power control, water-filling.

I. I NTRODUCTION

C

OGNITIVE radios (CRs) can considerably improve spectral efficiency by allowing secondary users to share a
frequency band with primary users [1]–[3]. In a shared band,
secondary users are allowed if either the channel is unused
or interference to the primary receivers, called secondaryto-primary (S-P) interference, can be maintained below a
certain threshold. This type of opportunistic channel allocation requires CR systems to be equipped with techniques
for accurate spectrum sensing, dynamic frequency selection,
and power/rate control in a distributed environment. Various
techniques for opportunistic channel access in CR systems
have been introduced, and some recent results can be found
in the special issues on CRs [4], [5].
In this paper, we propose a CR system that opportunistically permits excessive S-P interference, violating the S-P
interference power limit. Our research shows that under certain
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channel conditions, excessive S-P interference is as harmless
as no interference for the primary user and can increase the
secondary user’s data rate. Assuming an interference channel
model with two-senders and two-receivers (Fig. 1), which has
been considered in [6] and [7] for deriving an achievable rate
region of a CR system, performance degradation of the primary user caused by excessive S-P interference can be avoided
as follows. The primary sender (𝒮1 ) controls its transmission
rate and power depending on its own channel (ℎ11 ) while
ignoring the secondary user. Whenever the secondary sender
(𝒮2 ) causes excessive S-P interference, the primary receiver
(𝒟1 ) performs multiuser decoding (MUD) and 𝒮2 adjusts its
transmission rate and power so that 𝒟1 can reliably decode
data from both the primary and secondary senders (𝒮1 and 𝒮2 )
via MUD. MUD at 𝒟1 is shown not to require any additional
control over 𝒮1 ’s behavior. Through the cooperation between
𝒮2 and 𝒟1 for MUD, 𝒮2 ’s transmission rate can be increased
without degrading the primary user’s performance.1
One scenario corresponding to the proposed CR system
is the uplink of a cellular communication system, where the
primary pair 𝒮1 and 𝒟1 stand for a mobile station (MS) and
a base station (BS), respectively. In this case, the BS (𝒟1 )
controls the secondary pair as well as 𝒮1 and performs MUD
whenever necessary. By providing this extra service, the BS
can increase the cellular system capacity.
The interference channel in Fig. 1 consists of two multiple
access channels (MACs) between (𝒮1 , 𝒮2 ) and 𝒟𝑖 , 𝑖 ∈ {1, 2}
[8]. By simultaneously considering the capacity regions of the
two MAC channels, we formulate an optimization problem
that maximizes 𝒮2 ’s average transmission rate under an average transmission power constraint and derive the optimal
power/rate control policy for 𝒮2 . Achievable rates of the
proposed CR system are obtained through computer simulation and compared with those of conventional CR systems
that always maintain S-P interference below a threshold.
The results indicate that the proposed system can provide a
considerably high data rate for the secondary user without
sacrificing the primary user’s data rate and can outperform
conventional CR systems.
The organization of this paper is as follows. In Section
II, we introduce the CR system model. In Section III, the
1 Because the primary receiver contributes to an increase of the system
capacity, the communications service provider may offer rewards in the form
of discounts for the extra service. Such a reward would motivate primary
receivers to help secondary communications.
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where 𝜇 is chosen to satisfy (3b) and [𝑥]+ = max{𝑥, 0}.
Given 𝑔11 , 𝒮1 transmits with rate
(
)
𝑔11 𝑃1∗
∗
𝑅1 = 𝐶
,
(5)
𝑁1 + 𝑄

optimization problem for maximizing 𝒮2 ’s transmission rate
under an average power constraint is formulated and solved
using the method of Lagrange multipliers. This section also
presents an operation scenario for the proposed CR system. In
Section IV, average achievable rates of the proposed system
are obtained through computer simulation and are compared
with those of conventional CR systems. Finally, Section V
presents the conclusion.
II. S YSTEM M ODEL
We consider the interference channel shown in Fig. 1,
where the primary user 𝒮1 and secondary user 𝒮2 transmit complex-valued codewords 𝑥1 = (𝑥11 , ⋅ ⋅ ⋅ , 𝑥1𝑛 ) and
𝑥2 = (𝑥21 , ⋅ ⋅ ⋅ , 𝑥2𝑛 ) with powers 𝑃1 and 𝑃2 , respectively.
Assuming slowly varying flat fading channels whose gains
ℎ11 , ℎ12 , ℎ21 , and ℎ22 are fixed during a coding block, the
signals received by the primary and secondary receivers (𝒟1
and 𝒟2 ) are given by
𝑦1 = ℎ11 𝑥1 + ℎ21 𝑥2 + 𝑧 1 ,

𝑦2 = ℎ22 𝑥2 + ℎ12 𝑥1 + 𝑧 2 ,

(3b)

where 𝑃1 is the instantaneous transmission power of 𝒮1
and 𝑃¯1 denotes the average transmission power limit. The
optimal power that achieves the maximum rate in (3a) can
be found by water-filling [9]:
[
]+
1
𝑁1 + 𝑄
∗
−
,
(4)
𝑃1 =
𝜇 ln 2
𝑔11

h21

Secondary Sender S 2
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∙

∙

(1)
(2)

where ℎ𝑖𝑗 are complex random variables, 𝑧 1 and 𝑧 2 are noise
vectors consisting of 𝑛 zero-mean, independently identically
distributed (i.i.d.) circularly symmetric complex Gaussian random variables with variances 𝑁1 and 𝑁2 , respectively. To
simplify notations, we define 𝑔𝑖𝑗 ≜ ∣ℎ𝑖𝑗 ∣2 for 𝑖, 𝑗 ∈ {1, 2}
and 𝑔 ≜ (𝑔11 , 𝑔12 , 𝑔21 , 𝑔22 ). A BS controlling the terminals
(𝒮𝑖 , 𝒟𝑖 ), 𝑖 ∈ {1, 2} is assumed to exist. The BS collects
the channel state information (CSI), 𝑔, and their probability
density functions (pdfs), and then it optimizes some design
parameters for the terminals. The CSI 𝑔 and the design
parameters are delivered to the terminals. In the case where
the proposed CR system is applied to the uplink of a cellular
communication system, the BS becomes 𝒟1 and the overhead
for collecting the CSI and delivering the channel/design parameters to the terminals can be considerably reduced.
The transmitters (𝒮1 and 𝒮2 ) and receivers (𝒟1 and 𝒟2 )
operate as follows:
∙ 𝒮1 transmits regardless of 𝒮2 ’s instantaneous behavior,
but allows some interference from 𝒮2 that is limited by
a certain threshold 𝑄, referred to as the S-P interference
power limit. Its average transmission rate is maximized
as
[
(
)]
𝑔11 𝑃1
∗
¯
𝑅1 = max 𝔼𝑔11 log2 1 +
[bits/sec/Hz]
𝑃1 ≥0
𝑁1 + 𝑄
(3a)

∙

where 𝐶(𝑥) = log2 (1 + 𝑥) bits/sec/Hz. Note that 𝒮1
neglects (𝑔12 , 𝑔21 , 𝑔22 ). This can be fully justified when
𝑄 = 0, because, in this case, the primary user can achieve
the channel capacity if 𝑔11 is given. We suggest that 𝑄 be
sufficiently small so that the capacity loss of the primary
user will be almost negligible.2
𝒮2 opportunistically violates the S-P interference power
limit. Whether 𝒮2 violates the limit or not is determined
via an optimization process for maximizing the average
data rate of 𝒮2 under an average transmit power constraint. The optimization process also determines 𝒮2 ’s
transmission rate and power.
𝒟1 jointly decodes data from 𝒮1 and 𝒮2 when 𝒮2 violates
the S-P interference power limit (𝑔21 𝑃2 > 𝑄); otherwise,
𝒟1 decodes only 𝒮1 ’s data while considering the signal
from 𝒮2 as interference.
𝒟2 jointly decodes data from 𝒮1 and 𝒮2 if both 𝑅1∗ in
(5) and 𝒮2 ’s data rate lie inside the capacity region of
the MAC channel between (𝒮1 , 𝒮2 ) and 𝒟2 ; otherwise,
𝒟2 decodes only 𝒮2 ’s data while considering the signal
from 𝒮1 as interference.
III. O PTIMAL C ONTROL FOR R ATE , P OWER , AND
D ECODING M ODES

Our objective is to maximize the average transmission rate
of 𝒮2 under the constraint of average transmission power.
To this end, we derive the maximum achievable rates of
𝒮2 for all possible 𝑔 vectors and examine conditions for
𝑃2 to maximize the transmission rate while satisfying the
S-P interference power limit. The derivation is started by
examining the capacity regions of the two MACs between
(𝒮1 , 𝒮2 ) and (𝒟𝑖 ), 𝑖 ∈ {1, 2}.
Consider the channels between (𝒮1 , 𝒮2 ) and (𝒟1 , 𝒟2 ).
Assuming that each 𝒟𝑖 decodes data from both 𝒮1 and 𝒮2 (in
other words, each 𝒟𝑖 performs MUD), the capacity
of
( region
(𝑖)
(𝑖) )
the MAC between (𝒮1 , 𝒮2 ) and 𝒟𝑖 is given by all 𝑅1 , 𝑅2
2 When 𝑄 > 0, it would be possible to increase the primary user’s rate
through cooperation between the primary and secondary senders. However,
this type of cooperative communication is outside the scope of this paper
and we focus on the case where 𝑄 ≃ 0. In Section IV, it is shown that the
proposed system can provide a substantial data rate for the secondary user
even when 𝑄 = 0.
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where 𝑅2,0 (⋅) denotes the upper bound of 𝑅2 when 𝑔 ∈ 𝒢0 .
When 𝑃1∗ > 0, the set of 𝑔’s are partitioned
)two sets 𝒢1
( into
𝑔 𝑃∗
and 𝒢2 depending on 𝐼(𝑋1 ; 𝑌2 ∣𝑋2 ) = 𝐶 12𝑁2 1 which is a
constant for a given 𝑃1∗ . The channel vectors in(𝒢2 must be
)
𝑔12 𝑃1∗
partitioned further depending on 𝐼(𝑋1 ; 𝑌2 ) = 𝐶 𝑁2 +𝑔
22 𝑃2
(see Fig. 2). However, this partitioning cannot be fixed because
𝐼(𝑋1 ; 𝑌2 ) is a function of 𝑃2 , which is to be determined. To
consider 𝐼(𝑋1 ; 𝑌2 ), we define an indicator function 𝐽 which
is equal to one if 𝐼(𝑋1 ; 𝑌2 ) < 𝑅1∗ , and zero otherwise. It can
be seen that 𝑅1∗ ≷ 𝐼(𝑋1 ; 𝑌2 ) is equivalent to

I X 1 ; Yi

I X 1 ; Yi | X 2

R1

Fig. 2. Capacity region of the multiple access channel from (𝒮1 , 𝒮2 ) to 𝒟𝑖 ,
𝑖 = 1, 2.

values satisfying

(

)
𝑔1𝑖 𝑃1
≤ 𝐼(𝑋1 ; 𝑌𝑖 ∣𝑋2 ) = 𝐶
,
(6)
𝑁𝑖
(
)
𝑔2𝑖 𝑃2
(𝑖)
,
(7)
𝑅2 ≤ 𝐼(𝑋2 ; 𝑌𝑖 ∣𝑋1 ) = 𝐶
𝑁𝑖
(
)
𝑔1𝑖 𝑃1 + 𝑔2𝑖 𝑃2
(𝑖)
(𝑖)
, (8)
𝑅1 + 𝑅2 ≤ 𝐼(𝑋1 , 𝑋2 ; 𝑌𝑖 ) = 𝐶
𝑁𝑖

(𝑖)
𝑅1

where random variables 𝑋𝑖 and 𝑌𝑖 denote the channel input
and output, respectively, and 𝐼(⋅; ⋅) denotes the mutual information (Fig. 2) [8]. On the other hand, if 𝒟𝑖 only decodes
𝒮𝑖 ’s data while treating the signal from the other user as
interference (𝒟𝑖 performs single user decoding (SUD)), the
maximum achievable rate is given by
(
)
𝑔𝑖𝑖 𝑃𝑖
(𝑖)
𝑅𝑖 ≤ 𝐼(𝑋𝑖 ; 𝑌𝑖 ) = 𝐶
,
(9)
𝑁𝑖 + 𝑔𝑗𝑖 𝑃𝑗
where 𝑗 = 3 − 𝑖. In the CR system under consideration,
the transmission power and rate of 𝒮1 are fixed at 𝑃1∗ in
(4) and 𝑅1∗ in (5), respectively, once 𝑔 is given. Thus, the
maximum achievable rate of the secondary user’s transmission
rate, 𝑅2 , for a given 𝑔 can be obtained by using 𝑃1∗ and 𝑅1∗
in (6)–(8). Next, the maximum achievable rates are derived
by considering the two MACs between (𝒮1 , 𝒮2 ) and 𝒟𝑖 ,
𝑖 ∈ {1, 2}. The case for 𝒟2 is described first, and then the
case for 𝒟1 follows.
A. Maximum Achievable Rates for the Channel between
(𝒮1 , 𝒮2 ) and 𝒟2
Consider the MAC between (𝒮1 , 𝒮2 ) and 𝒟2 . Referring
to
sets of 𝑔: 𝒢0 }
≜
{ (4) ∗and Fig.
} 2, we{define∗ the following
∗
𝑔 : 𝑃1 = 0{ , 𝒢1 ≜ 𝑔 : 𝑃1 > 0 and 𝑅1 > 𝐼(𝑋
}1 ; 𝑌2 ∣𝑋2 ) ,
and 𝒢2 ≜ 𝑔 : 𝑃1∗ > 0 and 𝑅1∗ ≤ 𝐼(𝑋1 ; 𝑌2 ∣𝑋2 )( . From) (4),
𝑃1∗ = 0 if 𝑔11 < 𝜇(𝑁1 + 𝑄) ln 2. When 𝑃1∗ = 0 𝑔 ∈ 𝒢0 , the
primary user (𝒮1 , 𝒟1 ) is inactive and the secondary user can
transmit with its maximum available power. The secondary
user’s transmission rate is bounded as
(
)
𝑔22 𝑃2
𝑅2 ≤ 𝐶
(10)
≜ 𝑅2,0 (𝑃2 ),
𝑁2

𝑃2 ≷ 𝛾,
(11)
)
1 +𝑄)
where 𝛾 = 𝑔122 𝑔12 (𝑁
− 𝑁2 . Thus, 𝐽 = 1 if 𝑃2 > 𝛾,
𝑔11
and 0 otherwise. In our CR system, 𝐽 is a design parameter
to be optimized.
The cases for 𝑃1∗ > 0 are summarized as follows:
∙ If 𝑔 ∈ 𝒢1 , then 𝒟2 cannot decode 𝒮1 ’s data and 𝑅2 is
bounded by (9):
(
)
𝑔22 𝑃2
(12)
𝑅2 ≤ 𝐶
≜ 𝑅2,1 (𝑃2 ),
𝑁2 + 𝑔12 𝑃1∗
(

∙

∙

where 𝑅2,1 (⋅) denotes the upper bound of 𝑅2 when 𝑔 ∈
𝒢1 .
If 𝑔 ∈ 𝒢2 and 𝐽 = 1, then 𝒟2 performs MUD and 𝑅2
is maximized when (𝑅1∗ , 𝑅2 ) lies on the line connecting
𝒫2 and 𝒫3 in Fig. 2. In this case, 𝑅2 is bounded by (8):
(
)
𝑔12 𝑃1∗ + 𝑔22 𝑃2
𝑅2 ≤ 𝐶
− 𝑅1∗ ≜ 𝑅2,2,1 (𝑃2 ), (13)
𝑁2
where 𝑅2,2,1 (⋅) denotes the upper bound of 𝑅2 when
𝑔 ∈ 𝒢2 and 𝐽 = 1.
If 𝑔 ∈ 𝒢2 and 𝐽 = 0, then 𝒟2 performs MUD and 𝑅2
is maximized when (𝑅1∗ , 𝑅2 ) lies on the line connecting
𝒫1 and 𝒫2 in Fig. 2. In this case 𝑅2 is bounded by (7):
(
)
𝑔22 𝑃2
(14)
𝑅2 ≤ 𝐶
≜ 𝑅2,2,0 (𝑃2 ),
𝑁2

where 𝑅2,2,0 (⋅) denotes the upper bound of 𝑅2 when
𝑔 ∈ 𝒢2 and 𝐽 = 0.
∙ 𝒟2 performs MUD if and only if 𝑔 ∈ 𝒢2 .
From (13) and (14), it can be shown that 𝑅2,2,1 (𝛾 + Δ) >
𝑅2,2,0 (𝛾) for any Δ > 0. Furthermore, as shown in Fig. 3,
the capacity region for 𝐽 = 1 encompasses that for 𝐽 = 0.
This occurs because the case with 𝐽 = 1 (𝑃2 > 𝛾) requires
larger transmission power 𝑃2 than the case with 𝐽 = 0 (𝑃2 ≤
𝛾). The values of 𝐽 and 𝑃2 will be determined through an
optimization process maximizing 𝒮2 ’s average transmission
rate under an average transmission power constraint.
B. Maximum Achievable Rates for the Channel between
(𝒮1 , 𝒮2 ) and 𝒟1
We now examine how 𝑅2 and 𝑃2 are bounded by the
behavior of 𝒟1 which operates depending on the condition
𝑔21 𝑃2 ≷ 𝑄.

(15)

As in (11), this condition is a function of 𝑃2 , which is to be
determined, and thus we define another indicator function 𝐾
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Fig. 3. Capacity regions for 𝐽 = 1 and 𝐽 = 0 when the channel is the
MAC between (𝒮1 , 𝒮2 ) and 𝒟2 .

which is equal to one if 𝑔21 𝑃2 > 𝑄, and zero otherwise. When
𝐾 = 1, 𝒮2 violates the S-P interference power limit, resulting
in 𝑔21 𝑃2 > 𝑄, and 𝒟
) to perform
(
)MUD. It should be
(1 is asked
𝑔11 𝑃1∗
𝑔11 𝑃1∗
∗
= 𝐼(𝑋1 ; 𝑌1 ∣𝑋2 ),
noted that 𝑅1 = 𝐶 𝑁1 +𝑄 ≤ 𝐶
𝑁1
and thus 𝑅1∗ always lies inside the capacity region of the MAC
between (𝒮1 , 𝒮2 ) and 𝒟1 . Therefore, setting 𝐾 at one does
not require any additional control on 𝒮1 ’s behavior, and 𝐾 can
be set at one whenever 𝑅2 lies in the capacity region. Like
the indicator 𝐽, 𝐾 is a parameter to be determined optimally.
According to (15), the following two cases are considered:
∗
∙ If 𝐾 = 0 (𝑔21 𝑃2 ≤ 𝑄) and 𝑃1 > 0, then 𝒟1 performs
SUD while ignoring the secondary user. Since 𝑅1∗ can
take any positive value, the maximum achievable rates
of 𝑅2 are given by (12)–(14).
∗
∙ If 𝐾 = 1 (𝑔21 𝑃2 > 𝑄) and 𝑃1 > 0,
performs
1 )
( then 𝒟
𝑔11 𝑃1∗
MUD. In this case 𝐼(𝑋1 ; 𝑌1 ) = 𝐶 𝑁1 +𝑔21 𝑃2 < 𝑅1∗ .
Therefore, 𝐼(𝑋1 ; 𝑌1 ) < 𝑅1∗ ≤ 𝐼(𝑋1 ; 𝑌1 ∣𝑋2 ) and 𝑅2 is
maximized when (𝑅1∗ , 𝑅2 ) lies on the line connecting 𝒫2
and 𝒫3 in Fig. 2 and is bounded by (8):
(
)
𝑔11 𝑃1∗ + 𝑔21 𝑃2
𝑅2 ≤ 𝐶
− 𝑅1∗ ≜ 𝑅2,3 (𝑃2 ), (16)
𝑁1
where 𝑅2,3 (⋅) denotes the upper bound of 𝑅2 when 𝐾 =
1 and 𝑃1∗ > 0.
It is not recommended to perform MUD at 𝒟1 when the
interference power limit is not violated (𝑔21 𝑃2 ≤ 𝑄). This
is because performing MUD at 𝒟1 requires 𝑅2 to lie in
the capacity region, indicating that
also be upper
( 𝑅2 should
)
𝑔21 𝑃2
bounded by 𝐼(𝑋2 ; 𝑌1 ∣𝑋1 ) = 𝐶 𝑁1
in addition to the
upper bounds in (12)–(14), and the performance of MUD can
be worse than that of SUD. The reason why violating the SP interference power limit results in performing MUD at 𝒟1
can be more explicitly explained as follows. When 𝑃2 = 𝑔𝑄21 ,
𝑅1∗ = 𝐼(𝑋1 ; 𝑌1 ) and 𝒮1 ’s data can be still successfully decoded by performing SUD at 𝒟1 (see (9)). However, as shown

I X 1 ; Y1
Q
f P2
for
'
g 21

I X 1 ; Y1 | X 2

I X 1 ; Y1
f P2
for

R1

Q
g 21

Fig. 4. Capacity regions for 𝑃2 = 𝑔𝑄 and 𝑃2 = 𝑔𝑄 + Δ when the
21
21
channel is the MAC between (𝒮1 , 𝒮2 ) and 𝒟1 . Here, 𝑄 > 0 and Δ > 0.

in Fig. 4, if 𝑃2 is slightly increased by Δ > 0, then 𝐼(𝑋1 ; 𝑌1 )
decreases, resulting in 𝐼(𝑋1 ; 𝑌1 ) < 𝑅1∗ ≤ 𝐼(𝑋1 ; 𝑌1 ∣𝑋2 ), and
hence MUD should be performed to successfully decode 𝒮1 ’s
data.
These results indicate that the maximum achievable rates of
𝑅2 are given by (10) and (12)–(14) unless both 𝐾 = 1 and
𝑃1∗ > 0 are met. When 𝐾 = 1 and 𝑃1∗ > 0, the maximum
achievable rate is written as
𝑅2 ≤
{
min{𝑅2,1 (𝑃2 ), 𝑅2,3 (𝑃2 )} for 𝑔 ∈ 𝒢1
min{𝑅2,2,𝐽 (𝑃2 ), 𝑅2,3 (𝑃2 )} for 𝑔 ∈ 𝒢2 and 𝐽 ∈ {0, 1}.
(17)
The rates in the right-hand-side (RHS) of (17) are increasing
functions of 𝑃2 , as shown in Fig. 5 for 𝑔 ∈ 𝒢1 . From (12)–
(14) and (16), it can
( be seen that 𝑅2,1 (0) = 𝑅2,2,0 (0)) = 0
and 𝑅2,3 (0) ≥ 0 𝑅2,2,1 (0) can take any real value . Let
𝑅2,1 (𝑃2 ) and 𝑅2,3 (𝑃2 ) intersect at 𝑃2 = 𝑃𝐶,1 , and 𝑅2,2,𝐽 (𝑃2 )
and 𝑅2,3 (𝑃2 ) intersect at 𝑃2 = 𝑃𝐶,2,𝐽 . When 𝑔 ∈ 𝒢1 ,
due to the fact that 0 = 𝑅2,1 (0) ≤ 𝑅2,3 (0), there are
only two cases to consider when identifying the minimum
of 𝑅2,1 (𝑃2 ) and 𝑅2,3 (𝑃2 ) (Fig.
{ 5). We define two disjoint
}
subsets of 𝒢1 as 𝒢1,1 ≜ 𝑔 : 𝑔 ∈ 𝒢1 and 𝑃𝐶,1 > 0 and
{
}
𝒢1,2 ≜ 𝑔 : 𝑔 ∈ 𝒢1 and 𝑃𝐶,1 < 0 . A channel gain which
results in 𝑃𝐶,1 = 0 will be included in 𝒢1,1 if 𝑅2,1 (𝑃2 ) >
𝑅2,3 (𝑃2 ) for 𝑃2 > 0, and in 𝒢1,2 if 𝑅2,1 (𝑃2 ) < 𝑅2,3 (𝑃2 )
for 𝑃2 > 0. Similarly, when
{ 𝑔 ∈ 𝒢2 and 𝐽 = 0,}it is
sufficient to{ define 𝒢2,0,1 ≜ 𝑔 : 𝑔 ∈ 𝒢}2 and 𝑃𝐶,2,0 > 0 and
𝒢2,0,2 ≜ 𝑔 : 𝑔 ∈ 𝒢2 and 𝑃𝐶,2,0 < 0 . When 𝑃𝐶,2,0 = 0,
𝑔 ∈ 𝒢2,0,1 if 𝑅2,2,0 (𝑃2 ) > 𝑅2,3 (𝑃2 ) for 𝑃2 > 0, and
𝑔 ∈ 𝒢2,0,2 if 𝑅2,2,0 (𝑃2 ) < 𝑅2,3 (𝑃2 ) for 𝑃2 > 0.
On the other hand, if 𝑔 ∈ 𝒢2 and 𝐽 = 1, then 𝑅2,2,1 (0) can
take any real value and there are four cases to consider. In
this case,{we define the following four disjoint subsets of 𝒢}2 :
𝒢2,1,1 ≜ 𝑔 : 𝑔 ∈ 𝒢2 , 𝑅2,2,1 (0) < 𝑅2,3 (0) and 𝑃𝐶,2,1 > 0 ,
{
}
𝒢2,1,2 ≜ 𝑔 : 𝑔 ∈ 𝒢2 , 𝑅2,2,1 (0) > 𝑅2,3 (0) and 𝑃𝐶,2,1 > 0 ,
{
}
𝒢2,1,3 ≜ 𝑔 : 𝑔 ∈ 𝒢2 , 𝑅2,2,1 (0) < 𝑅2,3 (0) and 𝑃𝐶,2,1 < 0 ,
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0
Fig. 5.

To proceed further, we also define an additional indicator
function 𝐿 which is equal to zero if 𝑃2 ≤ 𝑃𝐶,1 (𝑃2 ≤ 𝑃𝐶,2,𝐽 ),
and one otherwise. (When 𝑃𝐶,1 = 0 (𝑃𝐶,2,𝐽 = 0), 𝐿 is fixed
at one). Using these definitions and notations, the minimum
values in (17) are obtained as follows:

∙
∙

∙

0

𝑅2,1 (𝑃2 ) and 𝑅2,3 (𝑃2 ) against 𝑃2 , where the two curves intersect at 𝑃2 = 𝑃𝐶,1 .

{
and
} 𝒢2,1,4 ≜ 𝑔 : 𝑔 ∈ 𝒢2 , 𝑅2,2,1 (0) > 𝑅2,3 (0) and 𝑃𝐶,2,1 <
0 . A channel gain 𝑔 ∈ 𝒢2 which results in 𝑃𝐶,2,1 = 0 will be
included in 𝒢2,1,3 if 𝑅2,2,1 (𝑃2 ) < 𝑅2,3 (𝑃2 ) for 𝑃2 > 0, and
in 𝒢2,1,4 if 𝑅2,2,1 (𝑃2 ) > 𝑅2,3 (𝑃2 ) for
} be
{ 𝑃2 > 0. It should
:
𝑢
=
1,
2
, and
pointed out that the
sets
for
𝐽
=
0,
𝒢
{
}2,0,𝑢
those for 𝐽 = 1, 𝒢2,1,𝑣 : 𝑣 = 1, 2, 3, 4 , are not disjoint, i.e.,
𝒢2,0,𝑢 ∩ 𝒢2,1,𝑣 ∕= ∅. To divide 𝒢2 into disjoint subsets
}when
{
𝐾 = 1, we define ℰ𝑢,𝑣 ≜ 𝒢
are
∩
𝒢
;
then
ℰ
2,1,𝑣
𝑢,𝑣
∪2,0,𝑢
disjoint with each other and 𝑢,𝑣 ℰ𝑢,𝑣 = 𝒢2 . For a given 𝑔 ∈
ℰ𝑢,𝑣 , we shall consider both the cases with 𝐽 = 0 and 𝐽 = 1.
The minimum value in (17) can be identified by examining
whether 𝑔 belongs to either 𝒢1,𝑖 , 𝑖 ∈ {1, 2} or ℰ𝑢,𝑣 and by
determining 𝐽 ∈ {0, 1} when 𝑔 ∈ ℰ𝑢,𝑣 .

∙

P2

0

{
}
If 𝑔 ∈ 𝒢1,1 and 𝐾 = 1, then min 𝑅2,1 (𝑃2 ), 𝑅2,3 (𝑃2 ) =
𝑅2,1 (𝑃2 ) for 𝐿 = 0 and 𝑅2,3 (𝑃2{) otherwise.
}
If 𝑔 ∈ 𝒢1,2 and 𝐾 = 1, then min 𝑅2,1 (𝑃2 ), 𝑅2,3 (𝑃2 ) =
𝑅2,1 (𝑃2 ) for all 𝑃2 ≥ 0.
If 𝑔{ ∈ ℰ𝑢,𝑣 , 𝐽 = } 0 and 𝐾 = 1, then
min 𝑅2,2,0 (𝑃2 ), 𝑅2,3 (𝑃2 ) = 𝑅2,2,0 (𝑃2 ) for (𝑢, 𝐿) ∈
{(1, 0), (2, 1)} and 𝑅2,3 (𝑃2 ) for (𝑢, 𝐿) = (1, 1).
If 𝑔{ ∈ ℰ𝑢,𝑣 , 𝐽 = } 1 and 𝐾 = 1, then
min 𝑅2,2,1 (𝑃2 ), 𝑅2,3 (𝑃2 ) = 𝑅2,2,1 (𝑃2 ) for (𝑣, 𝐿) ∈
{(1, 0), (2, 1), (3, 1)} and 𝑅2,3 (𝑃2 ) for (𝑣, 𝐿) ∈
{(1, 1), (2, 0), (4, 1)}.

Summarizing these results, the maximum achievable rates
of 𝑅2 are selected from {𝑅2,0 (𝑃2 ), 𝑅2,1 (𝑃2 ), 𝑅2,2,1 (𝑃2 ),
𝑅2,2,0 (𝑃2 ), 𝑅2,3 (𝑃2 )} depending on 𝑔, 𝐽, 𝐾 and 𝐿, which
result in a total of 16 cases (Table I).

C. Optimization: Problem Formulation and Solution
The average achievable rate for the secondary user is
maximized by solving the following optimization problem:
¯ 2∗ =
𝑅

max

𝑃2 ≥0
𝐽,𝐾,𝐿∈{0,1}

𝔼𝑔∈𝒢0 [𝑅2,0 (𝑃2 )]

+𝔼𝑔∈𝒢1 [𝑅2,1 (𝑃2 ) ⋅ (1 − 𝐾)]
+𝔼𝑔∈𝒢2 [{𝑅2,2,0 (𝑃2 ) ⋅ (1 − 𝐽) + 𝑅2,2,1 (𝑃2 ) ⋅ 𝐽} ⋅ (1 − 𝐾)]
+𝔼𝑔∈𝒢1,1 [{𝑅2,1 (𝑃2 ) ⋅ (1 − 𝐿) + 𝑅2,3 (𝑃2 ) ⋅ 𝐿} ⋅ 𝐾]
+𝔼𝑔∈𝒢1,2 [𝑅2,1 (𝑃2 ) ⋅ 𝐿 ⋅ 𝐾]
4 {
∑
𝔼𝑔∈ℰ1,𝑣 [{𝑅2,2,0 (𝑃2 ) ⋅ (1 − 𝐿)
+
𝑣=1

+𝑅2,3 (𝑃2 ) ⋅ 𝐿} ⋅ (1 − 𝐽) ⋅ 𝐾]
}
+𝔼𝑔∈ℰ2,𝑣 [𝑅2,2,0 (𝑃2 ) ⋅ 𝐿 ⋅ (1 − 𝐽) ⋅ 𝐾]

+

2 {
∑
𝔼𝑔∈ℰ𝑢,1 [{𝑅2,2,1 (𝑃2 ) ⋅ (1 − 𝐿)
𝑢=1

+𝑅2,3 (𝑃2 ) ⋅ 𝐿} ⋅ 𝐽 ⋅ 𝐾]

+𝔼𝑔∈ℰ𝑢,2 [{ 𝑅2,2,1 (𝑃2 ) ⋅ 𝐿 + 𝑅2,3 (𝑃2 ) ⋅ (1 − 𝐿) }⋅𝐽 ⋅ 𝐾]
+𝔼𝑔∈ℰ𝑢,3 [𝑅2,2,1 (𝑃2 ) ⋅ 𝐿 ⋅ 𝐽 ⋅ 𝐾]
}
+𝔼𝑔∈ℰ𝑢,4 [𝑅2,3 (𝑃2 ) ⋅ 𝐿 ⋅ 𝐽 ⋅ 𝐾]

(18)

subject to 𝔼𝑔 [𝑃2 ] ≤ 𝑃¯2 ; 𝑃2 ≤ 𝛾 for 𝑔 ∈ 𝒢2 and 𝐽 =
0; 𝑃2 > 𝛾 for 𝑔 ∈ 𝒢2 and 𝐽 = 1; 𝑃2 ≤ 𝑔𝑄21 for 𝑔 ∈
𝒢0𝑐 and 𝐾 = 0; 𝑃2 > 𝑔𝑄21 for 𝑔 ∈ 𝒢0𝑐 and 𝐾 = 1; 𝑃2 ≤
𝑃𝐶,1 for 𝑔 ∈ 𝒢1 , 𝐾 = 1 and 𝐿 = 0; 𝑃2 > 𝑃𝐶,1 for 𝑔 ∈
𝒢1 , 𝐾 = 1 and 𝐿 = 1; 𝑃2 ≤ 𝑃𝐶,2,𝐽 for 𝑔 ∈ 𝒢2 , 𝐾 =
1 and 𝐿 = 0; 𝑃2 > 𝑃𝐶,2,𝐽 for 𝑔 ∈ 𝒢2 , 𝐾 = 1 and 𝐿 =
1.
Here 𝒢0𝑐 is the complement of 𝒢0 indicating that 𝑃1∗ > 0.
Although not explicitly expressed in (18), it should be noted
that 𝑃2 , 𝐽, 𝐾 and 𝐿 are functions of 𝑔, i.e., 𝑃2 (𝑔), 𝐽(𝑔),
𝐾(𝑔) and 𝐿(𝑔). The optimal transmission power 𝑃2∗ can
be obtained using the method of Lagrange multipliers. The
Lagrangian is written by incorporating the 16 terms in (18)
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TABLE I
E XPRESSIONS FOR OPTIMAL TRANSMISSION POWER 𝑃2𝐿𝑂 , CORRESPONDING RATE 𝑅𝐿𝑂
AND DECODING MODES OF 𝒟1 /𝒟2 FOR A GIVEN 𝑔 AND ALL
2
POSSIBLE (𝐽, 𝐾, 𝐿). H ERE “–” MEANS “ DON ’ T CARE ”; < 𝑥; 𝑦 > IS DEFINED IN (20); 𝑃𝐶,1 AND 𝑃𝐶,2,𝐽 ARE DEFINED DIRECTLY BELOW (17) ( SEE ALSO
F IG . 5); 𝛾 IS GIVEN IN (11); 𝛼𝐽 AND 𝛽 ARE DEFINED DIRECTLY BELOW (20).

𝑔 ∈ 𝒢0

𝐾
–

𝐽
–

𝑢
–

𝑣
–

𝐿
–

0

–

1, 2

–

–

𝑔 ∈ 𝒢1,𝑢
⊂ 𝒢1

1

0

1

–

2

–

1

0

1, 2

1, 2, 3, 4

–

1

1, 2

1, 2, 3, 4

–

1

1, 2, 3, 4

1

–

0

0
1

2
𝑔 ∈ ℰ𝑢,𝑣
⊂ 𝒢2

0

1, 2, 3, 4

1

1

0

1

1
1

1, 2

2

0
1

3

1

4

1

〈

21

𝑅𝐿𝑂
2
𝑅2,0 (𝑃2 )

𝒟1
–

𝒟2
SUD

𝑅2,1 (𝑃2 )

SUD

SUD

𝑅2,1 (𝑃2 )

MUD

SUD

𝑅2,3 (𝑃2 )

MUD

SUD

𝑅2,1 (𝑃2 )

MUD

SUD

𝑅2,2,0 (𝑃2 )

SUD

MUD

𝑅2,2,1 (𝑃2 )

SUD

MUD

𝑅2,2,0 (𝑃2 )

MUD

MUD

𝑅2,3 (𝑃2 )

MUD

MUD

𝑅2,2,0 (𝑃2 )

MUD

MUD

𝑅2,2,1 (𝑃2 )

MUD

MUD

𝑅2,3 (𝑃2 )

MUD

MUD

𝑅2,3 (𝑃2 )

MUD

MUD

𝑅2,2,1 (𝑃2 )

MUD

MUD

𝑅2,2,1 (𝑃2 )

MUD

MUD

𝑅2,3 (𝑃2 )

MUD

MUD

〉

𝑄
𝑔21
}〉

min{𝛼1 , 𝑃𝐶,1 };
〈
{
𝛽; max 𝑔𝑄 , 𝑃𝐶,1
21 〉
〈
𝛼1 ; 𝑔𝑄
21
{
}
min 𝛼0 , 𝛾, 𝑔𝑄
21
〈
{
} 〉
min 𝛼1 , 𝑔𝑄 ; 𝛾

21
〈
〉
min{𝛼0 , 𝛾, 𝑃𝐶,2,0 }; 𝑔𝑄
21
〈
{
}〉
min{𝛽, 𝛾}; max 𝑔𝑄 , 𝑃𝐶,2,0
21
〈
〉
min{𝛼0 , 𝛾}; 𝑔𝑄
21
〈
{
}〉
min{𝛼1 , 𝑃𝐶,2,1 }; max 𝑔𝑄 , 𝛾
21
〈
{
}〉
𝛽; max 𝑔𝑄 , 𝛾, 𝑃𝐶,2,1
21
〈
{
}〉
min{𝛽, 𝑃𝐶,2,1 }; max 𝑔𝑄 , 𝛾
21 }〉
〈
{
𝛼1 ; max 𝑔𝑄 , 𝛾, 𝑃𝐶,2,1
21
{
}〉
〈
𝛼1 ; max 𝑔𝑄 , 𝛾
〈
{ 21 }〉
𝛽; max 𝑔𝑄 , 𝛾
21

with the corresponding constraints. The expression for the
Lagrangian is lengthy, and describing the overall optimization
process is a tedious task. Fortunately, however, the overall
optimization problem can be decomposed into 16 subproblems
that optimize each term in (18) under 𝔼𝑔 [𝑃2 ] ≤ 𝑃¯2 and
the corresponding constraints because of the following facts:
the subsets {𝒢0 , 𝒢1,𝑢 , ℰ𝑢,𝑣 ∣𝑢 ∈ {1, 2}, 𝑣 ∈ {1, 2, 3, 4}} are
disjoint with each other; the terms associated with the subsets
which are not disjoint can be treated separately because they
correspond to different (𝐽, 𝐾, 𝐿) values; and 𝔼𝑔 [𝑃2 ] ≤ 𝑃¯2 is
the only constraint that should be considered by all 16 terms in
(18). The solution of each subproblem will be given by a function of 𝜆1 , which is the Lagrange multiplier for 𝔼𝑔 [𝑃2 ] ≤ 𝑃¯2 .
Then the optimal value for 𝜆1 is obtained by simultaneously
considering all 16 cases. The procedure for formulating and
solving the subproblems is illustrated in the following example
for the fourth term 𝔼𝑔∈𝒢2 [𝑅2,2,1 (𝑃2 ) ⋅ 𝐽 ⋅ (1 − 𝐾)] in (18)
when 𝐽 = 1 and 𝐾 = 0.
Example (Subproblem for the fourth term in
[ (18)): The
Lagrangian for the fourth term is given by 𝔼𝑔∈𝒢2 𝑅2,2,1 (𝑃2 )−
(
)]
(
)
𝜆1 𝑃2 − 𝑃¯2 + 𝜆2 (𝑃2 − 𝛾) − 𝜆3 𝑃2 − 𝑔𝑄21 , where 𝜆1 , 𝜆2 ,
and 𝜆3 are Lagrange multipliers associated with the constraints
𝔼𝑔 [𝑃2 ] ≤ 𝑃¯2 , 𝑃2 > 𝛾 and 𝑃2 ≤ 𝑔𝑄21 , respectively. The KarushKhun-Tucker (KKT) conditions [10] indicate that 𝜆𝑖 ≥ 0 for
𝑖 ∈ {1, 2, 3}, and
∂𝑅2,2,1 (𝑃2𝐿𝑂 )
∂𝑃2𝐿𝑂

𝑃2𝐿𝑂
𝛼0
}
{
min 𝛼1 , 𝑔𝑄

KKT conditions for the overall expression of the Lagrangian of
(18), (19) is eventually the necessary condition for the optimal
𝑃2 of (18). An expression for 𝑃2𝐿𝑂 can be obtained from
¯ ∗ increases with 𝑃2 , the constraint
(19) as follows. Since 𝑅
2
¯
𝔼𝑔 [𝑃2 ] = 𝑃2 should be met, and thus 𝜆1 > 0. For 𝜆2 ,
due to the strict inequality 𝑃2 > 𝛾, 𝜆2 = 0. Finally, 𝜆3
can take either 𝜆3 = 0 or 𝜆3 > 0. When 𝑃2𝐿𝑂 < 𝑔𝑄21 , 𝜆3
becomes zero (𝜆3 = 0), and, in this case, solving (19) for
𝜆2 and 𝜆3 at ]zero results in 𝑃2𝐿𝑂 = 𝛼1
𝑃2𝐿𝑂 after setting
[
where 𝛼1 ≜

1
𝜆1 ln 2

𝑁2 +𝑔12 𝑃1∗
𝑔22
𝛼1 < 𝑔𝑄21 . For

−

(19)

for 𝑔 ∈ 𝒢2 , 𝐽 = 1 and 𝐾 = 0, where 𝑃2𝐿𝑂 denotes the
optimal transmission power for this case and the superscript
“LO” stands for locally optimal. Since (19) together with KKT
conditions derived from other terms in (18) constitutes the

. Note that 𝛼1 is eligible

only when
the case where 𝑃2𝐿𝑂 = 𝑔𝑄21
for
(𝜆3 > 0), it is not necessary to solve (19) because 𝑃2𝐿𝑂
is fixed at 𝑔𝑄21 . Summarizing these results, 𝑃2𝐿𝑂 is given
}
{
}
{
by 𝑃2𝐿𝑂 = min 𝛼1 , 𝑔𝑄21 if min 𝛼1 , 𝑔𝑄21 > 𝛾. When
{
}
min 𝛼1 , 𝑔𝑄21 ≤ 𝛾, 𝑃2𝐿𝑂 = ∅ where ∅ denotes the null set
indicating that no solution exists. The expression for 𝑃2𝐿𝑂
incorporating all possible cases may be written as
〈
{
} 〉
𝑄
𝐿𝑂
𝑃2 = min 𝛼1 ,
;𝛾
(20)
𝑔21
𝑃2𝐿𝑂

where ⟨𝑥; 𝑦⟩ = 𝑥 if 𝑥 > 𝑦, and ∅ otherwise.
In this manner, each of the 16 Lagrangian terms from
(18) is solved to derive the corresponding optimal transmission power.
The results are] summarized
in Table I, where
]
[
[
𝑁 +𝐽⋅𝑔

− 𝜆1 + 𝜆2 − 𝜆3 = 0,

+

𝑃∗

+

𝑁 +𝑔

𝑃∗

+

𝛼𝐽 ≜ 𝜆1 1ln 2 − 2 𝑔2212 1 , 𝛽 ≜ 𝜆1 1ln 2 − 1 𝑔2111 1 ,
and “–” means “don’t care,” indicating that it is not necessary
to determine the corresponding indicator value. Note in the
table that some (𝐽, 𝐾, 𝐿) values are associated with multiple
(𝑢, 𝑣) pairs. For example, (𝐽, 𝐾, 𝐿) = (0, 1, 0) is associated
with {(𝑢, 𝑣)∣𝑢 = 1, 𝑣 ∈ {1, 2, 3, 4}}. This, in turn, indicates
that multiple (𝐽, 𝐾, 𝐿) values can be considered for a given
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(𝑢, 𝑣) pair. For example, if (𝑢, 𝑣) = (1, 1), then (𝐽, 𝐾, 𝐿) ∈
{(0, 0, −), (1, 0, −), (0, 1, 0), (0, 1, 1), (1, 1, 0), (1, 1, 1)}. This
fact is used for the optimization process described below. Each
𝑃2𝐿𝑂 is a nonincreasing function of 𝜆1 which is to be determined to satisfy 𝔼𝑔 [𝑃2∗ ] = 𝑃¯2 . The optimal 𝜆1 , denoted as 𝜆∗1 ,
is found through a Monte Carlo approach in conjunction with
a grid search.3 The procedure is described in the following
steps, where [𝜆1,0 (𝑘), 𝜆1,𝑆 (𝑘)] denotes an interval for a grid
search in the 𝑘-th iteration, 𝜆1,0 (𝑘) < 𝜆1,𝑆 (𝑘), and 𝑆 is a
positive integer.
Optimization Process for Obtaining 𝜆∗1
Step 1. Generate 𝑀 sample vectors of 𝑔 following a given
distribution. Set 𝑘 = 0 and determine an initial
interval [𝜆1,0 (0), 𝜆1,𝑆 (0)] which includes the optimal
𝜆∗1 .
Step 2. In the 𝑘-th iteration, obtain (𝑆 − 1) points
{𝜆1,1 (𝑘), ⋅ ⋅ ⋅ , 𝜆1,𝑆−1 (𝑘)} which are equally
spaced
(
𝜆
(𝑘)
𝜆
(𝑘)
<
in between 𝜆1,0 (𝑘) and
1,𝑆
1,0
)
𝜆1,1 (𝑘) < ⋅ ⋅ ⋅ < 𝜆1,𝑆 (𝑘) .
Step 3. For each 𝜆1,𝑠 (𝑘), 0
≤
𝑠 ≤
𝑆, we


∗
¯
estimate 𝔼𝑔 [𝑃2 (𝜆1,𝑠 (𝑘))] − 𝑃2  by evaluating
 ∑

1

 𝑀 𝑔 𝑃2∗ (𝜆1,𝑠 (𝑘)) − 𝑃¯2 . The procedure for
obtaining 𝑃2∗ (𝜆1,𝑠 (𝑘)) is as follows. For each
𝑔, find the subset of 𝒢 including 𝑔 from
{𝒢0 , 𝒢1,𝑢 , ℰ𝑢,𝑣 ∣𝑢 ∈ {1, 2}, 𝑣 ∈ {1, 2, 3, 4}} and
evaluate 𝑃2𝐿𝑂 (𝜆1,𝑠 (𝑘)) and its corresponding
transmission
rate
𝑅2𝐿𝑂 (𝜆1,𝑠 (𝑘))
for
all
possible (𝐽, 𝐾, 𝐿)
values associated
with
the subset. For example, if 𝑔 ∈ ℰ1,1 then
all 𝑃2𝐿𝑂 (𝜆1,𝑠 (𝑘)) and 𝑅2𝐿𝑂 (𝜆1,𝑠 (𝑘)) values
associated with (𝐽, 𝐾, 𝐿) ∈ {(0, 0, −), (1, 0, −),
(0, 1, 0), (0, 1, 1), (1, 1, 0), (1,
}
{ 1, 1)} are calculated.
The maximum among 𝑅2𝐿𝑂 (𝜆1,𝑠 (𝑘)) is the
optimal transmission rate 𝑅2∗ (𝜆1,𝑠 (𝑘)) for this 𝑔,
and the corresponding transmit power becomes
𝑃2∗ (𝜆1,𝑠 (𝑘)).
Step 4. Select 𝜆1,𝑠∗ (𝑘), 1 ≤ 𝑠∗ {≤ 𝑆 − 1, associated
1 ∑ ∗
with the minimum among  𝑀
𝑔 𝑃2 (𝜆1,𝑠 (𝑘)) −

}

𝑃¯2 , 1 ≤ 𝑠 ≤ 𝑆 − 1 and update the interval:
[𝜆1,0 (𝑘 + 1), 𝜆1,𝑆 (𝑘 + 1)] = [𝜆1,𝑠∗ −1 (𝑘), 𝜆1,𝑠∗ +1 (𝑘)].
Step 5. Stop if ∣𝜆1,𝑆 (𝑘 + 1) − 𝜆1,0 (𝑘 + 1)∣ < 𝜖, where 𝜖 is
a small positive number. Otherwise, go to Step 2 and
continue for the (𝑘 + 1)-th iteration.
The optimization process is stable in the sense that 𝜆1,𝑠∗ (𝑘)
∗
in Step 4 approaches
{ 𝐿𝑂 } the optimal 𝜆1 as 𝑘 increases. This is
in Table I are nondecreasing functions
true because 𝑃2
¯∗
of 𝜆1 . The maximum
average
can be estimated
∑ ∗ ∗ rate 𝑅2 in (18)
1
by evaluating 𝑀 𝑔 𝑅2 (𝜆1 ), where 𝑅2∗ (𝜆∗1 ) for each 𝑔 is
obtained in Step 3 above. The computational complexity of
the optimization process is 𝑂(𝑀 𝑆𝐼), where 𝑀 is the number
of generated sample vectors of 𝑔, 𝑆 is the number of equally
spaced points for the grid search, and 𝐼 is the total number of
iterations.
3 The grid search is employed to simplify the algorithm. More elegant line
search algorithms such as the golden section method [10] can be employed
instead of the grid search.

The proposed CR system is based on the interference
channel in Fig. 1, and thus it is worthwhile to compare
the achievable rates of the proposed system with the interference channel capacity region. Unfortunately, however, the
interference channel capacity region is still an open problem
for general Gaussian/fading channels. The capacity region is
known in the case of strong interference [11]–[13], in which
channel parameters satisfy both 𝑔𝑁122 ≥ 𝑔𝑁111 and 𝑔𝑁211 ≥ 𝑔𝑁222 , and
for this case we make the following observation.
Observation 1: If all channel realizations satisfy the strong
interference channel condition, the proposed system with 𝑄 =
0 achieves the boundary point of the capacity region at which
the primary user’s rate is maximized.
Proof: Under the condition of strong interference and
the average transmission power constraints, the boundary of
the capacity region for a fading interference channel can
be achieved if the transmission powers of the two senders
are optimally allocated and the two receivers perform MUD
whenever both transmission powers are positive [13]. Suppose
that 𝑃1∗ >(0. Due)to the strong interference(channel
) condition,
𝑔11 𝑃1∗
𝑔12 𝑃1∗
∗
, and thus
𝑅1 = 𝐶 𝑁1 +𝑄 ≤ 𝐼(𝑋1 ; 𝑌2 ∣𝑋2 ) = 𝐶
𝑁2
𝑔 ∈ 𝒢2 . Then, referring to Table I, 𝒟2 always performs MUD
and 𝒟1 also performs MUD whenever 𝑃2∗ > 0. Hence both
𝒟1 and 𝒟2 perform MUD whenever both 𝑃1∗ and 𝑃2∗ are
positive. In our scheme, the transmission powers are optimally
allocated in such a way that 𝑃1 is optimized first to maximize
the primary user’s rate and then, given 𝑃1∗ , 𝑃2 is optimized to
maximize (the secondary
user’s rate. Therefore, its achievable
)
¯ ∗ is located at the boundary point of the
¯∗, 𝑅
rate pair 𝑅
1
2
capacity region at which the primary user’s rate is maximized.

D. Operation Scenario
The proposed CR system is operated as follows.
1) During a preliminary stage, the BS, which controls the
terminals (𝒮𝑖 , 𝒟𝑖 ), 𝑖 ∈ {1, 2}, collects information on
the pdf of 𝑔 and performs the optimization process for
obtaining 𝜆∗1 . Then 𝜆∗1 and the information on the pdf
of 𝑔 are delivered to 𝒮2 , 𝒟1 , and 𝒟2 .
2) During a communication stage, elements of the channel
vector 𝑔 are periodically estimated by (𝒟1 , 𝒟2 ). The
BS collects the instantaneous channel estimates and
evaluates the optimal value of (𝐽, 𝐾, 𝐿), denoted by
(𝐽 ∗ , 𝐾 ∗ , 𝐿∗ ), for a given channel estimate. Because
(𝐽 ∗ , 𝐾 ∗ , 𝐿∗ ) corresponds to 𝑅2∗ (𝜆∗1 ), which is considered in Step 3 of the optimization process, (𝐽 ∗ , 𝐾 ∗ , 𝐿∗ )
can be obtained by evaluating 𝑅2∗ (𝜆∗1 ) for the channel
estimate, following the procedure described in Step 3.
The estimate of 𝑔 and (𝐽 ∗ , 𝐾 ∗ , 𝐿∗ ) are delivered to 𝒮2 ,
𝒟1 , and 𝒟2 , while only the estimate of 𝑔11 is delivered
to 𝒮1 . Then, the optimal transmission power 𝑃2∗ and
the optimal rate 𝑅2∗ for 𝒮2 are given by 𝑃2𝐿𝑂 (𝜆∗1 ) and
𝑅2𝐿𝑂 (𝜆∗1 ), respectively, associated with (𝐽 ∗ , 𝐾 ∗ , 𝐿∗ ) in
Table I. The behavior of 𝒟𝑖 s, whether they perform SUD
or MUD, is determined once (𝐽 ∗ , 𝐾 ∗ , 𝐿∗ ) are given.
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E. Conventional CR Systems

𝑃2𝐿𝑂 for 𝑔 ∈ 𝒢0𝑐 is always given by min 𝛼1 , 𝑔𝑄21 , which
is shown in the third row of Table I. It is interesting to note
that the C-CR1 becomes identical to the C-CR2 when the S-P
interference power limit 𝑄 is set at zero (𝑄 = 0). This is true
because in C-CR1, if 𝑄 = 0, 𝒮2 transmits only when 𝒮1 is in
an idle stage and 𝒟2 decodes only 𝒮2 ’s data.
IV. S IMULATION R ESULTS

The performances of the proposed CR and C-CR1/2 are
examined through a computer simulation. The simulation
environments are as follows. The average transmission rates of
¯ ∗ and 𝑅
¯ ∗ , respectively, are obtained
𝒮1 and 𝒮2 , denoted by 𝑅
1
2
6
based on 10 realizations of 𝑔, where 𝑔11 , 𝑔12 , 𝑔21 , and
𝑔22 are independent of each other and follow a Rayleigh
distribution. The average channel gains are fixed at one, i.e.,
𝔼[𝑔11 ] = 𝔼[𝑔22 ] = 𝔼[𝑔12 ] = 𝔼[𝑔21 ] = 1, and 𝑃¯1 = 𝑃¯2 = 1.
The noise powers 𝑁1 and 𝑁2 are varied so that the signal-to𝑃¯𝑖
noise ratio (SNR) 𝑁
for 𝑖 ∈ {1, 2}, can take 0 dB, 10 dB,
𝑖
and 20 dB. For simplicity, it is assumed that( the SNRs)of the
𝑃¯1
𝑃¯2
= 𝑁
primary and secondary users are identical 𝑁
. The
1
2
S-P interference power limit 𝑄 varies from zero to infinity.
¯ ∗ and 𝑅
¯ ∗ , denoted as 𝑅
¯∗
The maximum values of 𝑅
1
2
1,max
∗
¯
and 𝑅2,max , are obtained for 𝑄 = 0 and ∞, respectively,
and we are interested in 𝑄 values in the vicinity of zero
because the secondary user of a CR system can transmit
data without sacrificing the primary user’s transmission rate

6
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Q=0
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Table I can also be used for conventional CR systems that
always maintain S-P interference power below 𝑄. Because
𝒟1 always performs SUD in conventional CRs, 𝐾 is fixed at
zero (𝐾 = 0). For a CR system performing only SUD at 𝒟1
and performing either SUD or MUD at 𝒟2 depending on 𝑔,
a CR system which
} be called conventional CR1 (C-CR1)
{ will
[14], only those 𝑃2𝐿𝑂 associated with 𝐾 = 0 in Table I are
considered during Step 3 of the optimization process described
above.
If we consider a CR system performing only SUD at both
𝒟1 and 𝒟2 , which will be called C-CR2, then( 𝐾 = 0)and 𝒟2
always assumes that 𝑔 ∈ 𝒢1 unless 𝑃1∗ = 0{ 𝑔 ∈ 𝒢0} . Thus,

4
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(b)
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(¯
)
¯
𝑃1
¯ ∗ /𝑅
¯∗
Fig. 7. 𝑅
= 𝑃𝑁2 for 𝑄 = 0. In this case,
2
2,max versus SNR
𝑁
¯ ∗ = 0 for 𝑄 = 0.
C-CR1 is identical to C-CR2. For FDMA, 𝑅
2

¯ ∗ when 𝑄 = 0. For comparison, the average achievable
𝑅
1
rates for frequency division multiple access (FDMA) are also
considered.
¯ 1∗ and 𝑅
¯ 2∗ are shown in Fig. 6. In
The achievable rates 𝑅
addition, to emphasize the advantage of the CR systems over
∗
¯ 2,max
¯ 2∗ and 𝑅
for 𝑄 = 0 is shown
FDMA, the ratio between 𝑅
∗
¯
in Fig. 7. (Obviously, 𝑅2 for FDMA corresponding to the
¯ 2∗ = 0).) As expected,
case in which 𝑄 = 0 is equal to zero (𝑅
among the three CR systems, the proposed system performs
the best and C-CR2 performs the worst. When the SNR is 0
dB (Fig. 6 (a)), the advantage of the CR systems over FDMA
is significant. For example, the proposed CR attains as much
∗
¯ 2,max
, even when 𝑄 = 0. This occurs because
as 66% of 𝑅
the primary user 𝒮1 frequently stops transmission due to its
poor channel quality. The performance gain achieved by the
CRs reduces as the SNR increases. For example, referring
¯ ∗ for the proposed CR with 𝑄 = 0 becomes
to Fig. 7, 𝑅
2
∗
¯ 2,max
about 40% (24%) of 𝑅
when the SNR is 10 dB (20
∗
¯
¯ 1∗ , and
dB). These 𝑅2 values are achieved without sacrificing 𝑅
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thus the proposed CR would be useful even for SNR = 20
dB. On the other hand, use of the C-CR1/2 may not be
recommended for high SNR because their performance gain
over FDMA is rather minor, even for 𝑄 = 0. For example,
¯∗
they achieve only 2% of 𝑅
2,max when 𝑄 = 0 and the SNR
is 20 dB (Fig. 7). Furthermore, for SNR = 20 dB (Fig. 6 (c))
the C-CR1/2 almost always show worse performance than
FDMA, while the proposed CR always outperforms FDMA.
This indicates the importance of the opportunistic violation
of the S-P interference power limit and the MUD at 𝒟1 ,
especially for high SNR.
To get some additional insight into the behavior of the
proposed CR system, channel gains resulting in MUD at 𝒟1
(𝐾 = 1) were examined, and such channels were observed
to have relatively large 𝑔21 values. Specifically, the following
observations have been made for 𝑄 = 0.
Observation 2: If 𝑔21 is either the largest or the secondto-largest among {𝑔11 , 𝑔12 , 𝑔21 , 𝑔22 }, then the probability that
𝒟1 performs MUD is 55%, 82%, and 88% for SNR = 0 dB,
10 dB, and 20 dB, respectively.
The reason why the probability for SNR = 0 dB is
considerably smaller than the others is because when SNR = 0
dB, 𝒮2 frequently stops transmission due to poor channel
quality.
Observation 3: Among the channel gains resulting in MUD
at 𝒟1 , about 70% have 𝑔21 , which is either the largest or the
second-to-largest among {𝑔11 , 𝑔12 , 𝑔21 , 𝑔22 }.
Similar observations can be made for 𝑄 > 0. The reason
why 𝒟1 performs MUD when 𝑔21 is large can be explained as
follows. When 𝒟1 performs SUD and 𝑄 > 0, the interference
power limit, 𝑃2 𝑔21 ≤ 𝑄, severely limits 𝑃2 for large values
of 𝑔21 . To overcome this difficulty, 𝑃2 tends to violate the S-P
interference power limit and 𝒟1 performs MUD. On the other
hand, if 𝑄 = 0 and 𝑃1∗ > 0, 𝑆2 is allowed to transmit only
when 𝒟1 performs MUD. To maintain 𝑅1∗ = 𝐼(𝑋1 ; 𝑌1 ∣𝑋2 )
while performing MUD
( at 𝒟1 , )𝑅2 should be upper bounded
21 𝑃2
(see Fig. 2). Therefore, to
by 𝐼(𝑋2 ; 𝑌1 ) = 𝐶 𝑁1𝑔+𝑔
∗
11 𝑃1
increase 𝑅2 , 𝒮2 tends to allocate more power to channels with
a large 𝑔21 and a small 𝑔11 ; this policy will increase 𝐼(𝑋2 ; 𝑌1 ).
The impact of a small 𝑔11 on 𝒟1 ’s behavior is considerably
less than that of a large 𝑔21 because 𝒮1 stops transmission if
𝑔11 is too small.
Finally, in this section, we examine channel gains which
result in MUD at 𝒟1 but have a small 𝑔21 . As indicated
by Observation 2, about 30% of the channels resulting in
MUD at 𝒟1 have 𝑔21 , which is either the smallest or the
second-to-smallest among {𝑔11 , 𝑔12 , 𝑔21 , 𝑔22 }. We evaluate the
average of such channel gains and listed them in Table II.
It is interesting to note that for all three SNR values, 𝑔¯22
is the largest and 𝑔¯21 is the smallest, where 𝑔¯𝑖𝑗 denotes the
average of 𝑔𝑖𝑗 . The proposed system tends to violate the S-P
interference power limit when 𝑔22 ≫ 𝑔21 because the increase
of 𝑅2 that can be achieved by such violation can be significant.

TABLE II
AVERAGE OF THE CHANNEL GAINS RESULTING IN MUD AT 𝒟1 AND
HAVING 𝑔21 WHICH IS EITHER THE SMALLEST OR THE
SECOND - TO - SMALLEST AMONG {𝑔11 , 𝑔12 , 𝑔21 , 𝑔22 }. H ERE 𝑔
¯𝑖𝑗 DENOTES
THE AVERAGE OF 𝑔𝑖𝑗 IN SUCH CHANNELS .
SNR = 0 dB
SNR = 10 dB
SNR = 20 dB

𝑔¯11
0.91
0.70
0.68

𝑔¯12
1.43
1.37
1.35

𝑔¯21
0.86
0.64
0.60

𝑔¯22
1.67
1.43
1.39

over conventional CR systems was shown by comparing their
achievable rates, which are obtained by computer simulation.
The results demonstrated that the proposed CR achieved
considerably high data rates for the secondary user without
sacrificing the data rate for the primary user and outperformed
conventional CRs.
The proposed system is derived under the assumption that
the primary sender 𝒮1 operates independently, while ignoring
𝒮2 . Further work in this area will include extensions of this
CR system for joint optimization of the two senders and for
supporting multiple primary/secondray users.
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Authorized licensed use limited to: Korea Advanced Institute of Science and Technology. Downloaded on March 23,2010 at 03:55:31 EDT from IEEE Xplore. Restrictions apply.

CHANG et al.: ACHIEVABLE RATES FOR COGNITIVE RADIOS OPPORTUNISTICALLY PERMITTING EXCESSIVE SECONDARY-TO-PRIMARY . . .

Woohyuk Chang (S’03) received the B.S. degree in
electrical engineering from Ajou University, Suwon,
Korea, in 2001. He received the M.S. degree in
electrical engineering from KAIST, Daejeon, Korea, in 2003, and is currently working toward the
Ph.D. degree at KAIST. His research interests include information theory, coding theory, and signal
processing for cooperative relaying and cognitive
radio networks. Mr. Chang is the recipient of the
Silver Prize in the 15th Samsung Humantech Paper
Contest.
Sae-Young Chung (S’89-M’00-SM’07) received
the B.S. and the M.S. degrees in electrical engineering from Seoul National University in 1990 and
1992, respectively. He received the Ph.D. degree in
the Department of EECS at MIT in 2000.
From June to August 1998 and from June to
August 1999, he was with Lucent technologies.
From September 2000 to December 2004, he was
with Airvana, Inc., where he conducted research on
the third generation wireless communications. Since
January 2005, he has been with KAIST, where he
is now an associate professor in the Department of EE. He is an Editor of
IEEE T RANSACTIONS ON C OMMUNICATIONS . He served as a guest editor
of JCN, EURASIP journal, and Telecommunications review. He served as a
TPC co-chair of WiOpt 2009 and a tutorial co-chair of IEEE ISIT 2009. He
is a IEEE Information Theory Society membership/chapters committee member, IEEE Communication Theory Technical Committee member, and IEEE
Communications Society Asia Pacific Board member. His research interests
include network information theory, coding theory, and their applications to
wireless communications. He is a senior member of the IEEE.

683

Yong H. Lee (S’81-M’84-SM’98) was born in
Seoul, Korea, on July 12, 1955. He received the
B.S. and M.S. Degrees in electrical engineering from
Seoul National University, Seoul, Korea, in 1978 and
1980, respectively, and the Ph.D. degree in electrical
engineering from the University of Pennsylvania,
Philadelphia, U.S.A., in 1984.
From 1984 to 1988, he was an Assistant Professor
with the Department of Electrical and Computer
Engineering, State University of New York, Buffalo.
Since 1989, he has been with the Department of
Electrical Engineering, KAIST, where he is currently a Professor and the Dean
of College of Information Science and Technology. His research activities are
in the area of communication signal processing, which includes interference
management, resource allocation, synchronization, estimation and detection
for CDMA, TDMA, OFDM and MIMO systems. He is also interested in
designing and implementation of transceivers.

Authorized licensed use limited to: Korea Advanced Institute of Science and Technology. Downloaded on March 23,2010 at 03:55:31 EDT from IEEE Xplore. Restrictions apply.

